Machine learning & nonparametric e!ciency
in causal inference

Edward Kennedy

Department of Statistics & Data Science
Carnegie Mellon University

ACIC, 23 May 2022

1/95



Introduction & Setup Intro
Target Parameter
IdentiPcation

Roadmap

Introduction & Setup
Intro
Target Parameter
Identibcation

E!ciency Theory
Background & Setup
Nonparametric E!ciency Bounds
InBuence Functions

Nonparametric Estimation
Intro & Setup
Empirical Processes & Sample Splitting
Second-Order Remainder

Software & References

2/95



Introduction & Setup Intro
E!ciency Theory Target Parameter
Nonparametric Estimation IdentiPcation

a I‘}/\lV > stat > arXiv:2203.06469

Statistics > Methodology

[Submitted on 12 Mar 2022]

Semiparametric doubly robust targeted double machine
learning: a review

Edward H. Kennedy

In this review we cover the basics of efficient nonparametric parameter estimation (also called
functional estimation), with a focus on parameters that arise in causal inference problems. We
review both efficiency bounds (i.e., what is the best possible performance for estimating a
given parameter?) and the analysis of particular estimators (i.e., what is this estimator's error,
and does it attain the efficiency bound?) under weak assumptions. We emphasize minimax-
style efficiency bounds, worked examples, and practical shortcuts for easing derivations. We
gloss over most technical details, in the interest of highlighting important concepts and
providing intuition for main ideas.

Subjects: Methodology (stat.ME)
Cite as:  arXiv:2203.06469 [stat.ME]
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My disclaimers

1. A lot of the theory 10Il talk about today has a long history

' see: Andrews, Begun, Bickel, Pfanzagl, Pollard, Robins,
Stein, Tsiatis, van der Laan, van der Vaart, Wellner...

2. Coverage driven by interests in causal/functional estimation
' non/semiparametrics, empirical processes, etc. are huge belds

3. Some of what | say is my own philosophical perspective
' reasonable people can disagree!
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What is the scientibc goal?

An important Prst step in any scientibc pursuit:
' have aclearly debned goal

In particular, for statistical estimation problems:
! we need aarget parameter(estimand), which weOll call

The target parameter! ' is the main feature of interest
' e.g., what would happen ifll vs. nonewere treated?

' called afunctional if ! : P !" R is some structured
combination of parts ofP

| bnd it essential to be clear about our target parameter!
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Potential outcomes

Causal language lets us debne target wrt. hypothetical experiments
' using, e.g.,potential outcomes , structural equations, etc.

We use superscripts to denote whabuld have been observed
under some intervention

I Y@ denotes outcomeY that would have been observed had
we set treatment toA = a

' Y@ denotes outcome had we set treatment sequence
KT = (Al, ...,AT) o ar = (al, ...,aT)

! Y© denotes outcome under stochastic interventiGnthat
assignsA = 1 with probability g(x) depending on covariateX
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causal parameters

ATE: E(Y1# Y0
conditional ATE: E(Y1#Y?|V)
local ATE: E(Y1# YO |Al> A9

dose-response curve:E(Y 2)

optimal trt strategy: arg may E(Y 9(V))

MSM: E(Y3 | V)

SNM: E(Y20# ya 10| [ A)
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Causal target parameter

Thus! ' (IP') is a map from acounterfactual distributionP
' can be a number, or function, agven more complex object

RY or some

Counterfactual
distribution P'

function space
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Identibcation

After picking! ', we need tolink to observational distributioriP
' this is the enterprise ofdentibcation
! goal: express ' (P') = ! (IP) for some mapping

Counterfactual Identibcation Observational
populationP* populationP

kg
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Identibcation example: ATE

Assume:

1. Positivity: P{P(A=a|X)$">0 =1
2. Consistency: A=za=% Y =Y?
3. Exchangeability: A& Y2 | X

Then by 1 we can write:

E(Y | X,A=a) = E(Y?|X,A=a) = E(Y?]|X)

sothat, e.g.: !''' E(Y?®) = E{E(Y |X,A=a)}"' !.
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Identibcation example 2: g-formula

Let X; = ( Xq,..., Xt), and Hy = (X¢, At 1) be history prior toA;.
Assume:

1. Positivity: P{P(At=a |H)$ ">0 =1

2. Consistency: Ar=ar =% Y=Y&

3. Exchangeability: A; & Y2 | H; for allt

Then
! ! T
E(Y®™)= .. E(Y | X1,Ar =ar)  dP(X | Xu 1,A0 1= @y 1)

X1 Xt t=1

11/95



Introduction & Setup

Intro
Target Parameter
Identibcation

Identibcation example 3: LATE

Assume for ({ 0, 1}:

Positivity:
Consistency:

Exclusion:

o o s~ D E

Monotonicity:

Then:

E(Y1#Y? | Al > A9 =

Exchangeability:

Instrumentation:

P{P(R=r|X)$">0=1
A= AR andyY = YRA

R& (A, Y")|X
Y@=Yaforalla({ 0,1}
P(A1> AD)$ "> 0

P(Al$ A% =1

E{E(Y | X,R=1) # E(Y | X,R=0)}

E{E(A|X,R=1) # E(A|X,R=0)}
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Identibcation example 4. ATE bounds

Assume:
1. Positivity: P{P(A=a|X)$">0 =1
2. Consistency: A=a=% Y =Y?2

3. #Exchangeability: |[E(Y2 | X, A= a)# E(Y3|X,A¥ a)|* #

Then! = E(Y?) is not identibed but can be bounded as
([, o] = E{E(Y | X,A= a)}+ #P(A¥F a)
Now we can just treat the bounds as our target parameter
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Causal inference is over

| bnd it v. helpful to keepausal& statistical issues separate

' Causal stu" (our target, what we think abt confounding, etc.)
only tells uswhat we should be estimating
' not how to estimate it

After we identify the causal target parameter' (P')
' the role of causal inference is over
' now we have a puréunctional estimation problem

There are also manylon-c%ysalfunctional estimation problems

I expected density! = p(x)? dx
' entropy:! = # p(x) Iog#p%x) dx
' mutual information:! = p(x,y)log 2XY) gy dy

P(X)p(y)
the methods we discuss are equally useful for these problems
14/95
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Causal inference is over

Now we have a purely statistical task:

' observe iid sampl&4, ..., Z, with Z + P, assumingP (P for
statistical modelP (i.e., set of possible distributions)

I we want to construct a Ogood® estima@asf | = ! (PP)

In theory we can construc® using any preferred approach:
1. parametric Bayes or MLE
2. nonparametric MLE / plug-in
3. nonparametric inBuence function-based

I will discuss and argue for the last approach
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Aside: Estimation/inference basics

An estimator is just anap from the datato, e.g., a number
I inmath: 0:(Z,....Z0) " R

Estimators often take the form of @ample averagee.g.,

L9
!0: — $(Z|)I ]Pn{$(z)}

i=1
at least asymptotically, where
' P, (3 is short-hand for sample average
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Aside: Big-oh and little-oh notation, etc

Xn = Op(1l) meansX, stays bounded ar ", |, i.e.,
P(|Xn| > M) <" for any", if n large enough
Similarly X, = op(1) meansX," Oasn", ,i.e., forall"
P(Xy|>")" 0 as n",
An estimator isroot-n consistent and asymptotically normél
CN(O# )= nPa($)+ op(1) " N(O,var($))

and then we say”hasinRuence functior$
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Aside: Not all estimators are created equal

Low Variance High Variance

Low Bias

High Bias

Qe

18/95



Background & Setup
El!ciency Theory Nonparametric Elciency Bounds
InRuence Functions

Aside: Rates of convergence

Some estimators hit their targets more precisely than others
An estimator !0 hasrate of convergence, ",  if
mO# 1)Y= Op(l) %  ©O#1 = Op(l/r)

This means the di"erencé# ! behaves like fir, " 0
I in other words: !0 is clustering around (i.e., consistent)

The rater, tells ushow fast/precisely!© clusters around

' why does this matter?' fast rates mean more information
(e.g., tighter Cls) with smaller sample!

19/95



f

0.8

0.6

0.4

0.2

0.0

Nonparametric Estimation

Introduction & Setup
El!ciency Theory

Background & Setup

Nonparametric E!ciency Bounds

InBuence Functions

N ST
N Jlog(n)/n

¢ N — 1/Jn

: \
: N\
o
\ .
~ .
: -~ ®.
T T T T T

10 100 1k 10k 100k

Sample size n

20/95



Background & Setup
El!ciency Theory Nonparametric Elciency Bounds
InRuence Functions

Aside: The curse of dimensionality

The curse of dimensionalitgays roughly that statistical methods
must degrade as we include more and more covariates

e.g., ford-dimensional regression functiqn(X) = E(Y | X) that
is %6smooth, best possible convergence rate for anis 6

inf sup Ep/ f# pp/$ Crzer
R Ppup

In most optimistic case, wherd = 1 and %= 1000, still < n

I if d = 20 and %= 1, this givesvery slown" ¥?? rate
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Why not parametric approach?

Could assumé = {P- : &( RY} indexed by Pnite-dimensioné&l

I then, for &the MLE, classical theory says(PPg) is
asymptotically e!cient (minimax optimal) under smoothness

But the assumptionP = [P+ is oftentoo restrictive

' can we really know the exact form @& up to Pnite-dim&?
even wherZ contains many (continuous) components?

Further this approach mightliscard known structure
' propensity score is known in trial, but factors out of likelihood
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High Variance

DA
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Nonparametric plug-in

So parametric approach is likelpisspeciPe@nd thus alsdbiased
' suggests using morBexible nonparametric approach
' non/semiparametric =P not indexed by Pnite-dim. parameter

The most natural nonparametric approach ispéug-in! ()
I whereP is some initial estimator of> or relevant components

Such estimators are generalhot " h-consistent and further
do not yield Clswithout impractical undersmoothing

I few special cases, which require specibc estimafqrs
strong smoothness assumptions, and undersmoothing
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Ex: integrated density squared

Considert = # p(x)? dx = E{p(X)}. A natural plug-in is
0= Pn{B(X)}.
Using tools from next half of tutorial, we can show
B# 1 = (Py# P)p+ P(p# p) + op(l/ 1)

The brst term on RHS i©p(1/ ) by CLT

' but second igP(p# p)| */ P# p/ by Cauchy-Schwarz, and
minimax lower bound for this i©p(n" Y @ d#)) for
Heldery
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Ex: integrated density squared

However ifp is Helderfy and we useO with kernel estimator

& )
}K X#tO
h h

o(t) = Pn
It is possible to show that
P(p# p) = (Py# P)p+ op(l/ n)= Op(1/ 1)

IF: 1. K is higher-order kernel and + n" ¥ #+d) (undersmoothiny
2. % >d (strong smoothness assumptipn
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Nonparametric plug-ins

Similar results hold for ATE functionabE{E(Y | X,A=1)}
' Hahn (1998), Abadie & Imbens (2006)

This discussion begs several pressing questions:
' could we have done better than plug-in whét >d?
' is there any hope under less stringent smoothnéss (d)?
' what if we want to rely on structure beyond smoothness?
' what if we want to use other generic nuisance estimators?

" leads tononparametric elciency theory& infuence functions
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What is a semiparametric model?

First letOs consider some examples of semiparametric models

Statistical model a setP of possible distributions containiniy
I for parametric models we assunfe= {P- : &( RY},
e.g.,Z + N(u, #) so that &= (, #) ( RP 0 RP®P

Semiparametric models P have inPnite-dim. component
' i.e., cannotbe indexed by only Pnitely many real parameters

27195



Background & Setup
El!ciency Theory Nonparametric E!ciency Bounds
InRuence Functions

Examples

The simplest example of a semiparametric model is...
' a nonparametric modewhereP includes all distn.s

Thus semiparametricécludes nonparametrics as a special case

' hence the brst semiparametric models were called
Oparametric-nonparametric modeby@egun et al. (1983)

Other examples:
' GEE, Cox model, experiment w/known propensity score, etc.
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Nonparametric causal models

Common to know/assume structure on treatment process

Often we may not know anything abouwtutcome OR treatment
' then anonparametric modeimakes most sense

' this is the perspective | often take in observational studies

Remarkablycan often still make progress nonparametric models

' e.g., n-rates of convergence, valid Cls, even when
incorporating machine learning

but we neednfl3uence functiongand empirical process theory /
sample splitting
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Lower bounds

Given a target parameter and modelP (nonparametric)
' now turn to: lower bds/benchmarkdor estimation error
' i.e., how well can we hope to estimate over the modeP ?

A natural way to characterize optimality is viaminimax rates

Rn = inf supEp|%% | (P)]
$ pup

i.e., the best possible (worst-case) erragross all estimators

Lower bounds have crucial implication$eoretical& practical
' precisely illustrates fundamental limits / statistical di'culty
' gives benchmark for best possible performance
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Classical lower bounds

First considerclassical parametric setup
' j.e., Cramer-Radower bound

C-R says for OsmootH@®- : &( RY} & any unbiased?

var(X $ | %82/ va{s (Z)}

wheres: (z) = %.Iogpu(z)ln:u-- is the score

This is also a lower bound ilpcal minimax sensefor any !0

*
+ . y 2- ] 0/6892
inf lim inf E- 0% 1 (& —
&0 g g € ® @
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Parametric submodels
How to exploit C-R to bnd lower bound for nonparametR¢&

Let parametric submodeP: = {IP- : " ( R}1P with P = Pg
' thus P: respects the model and contains the truth
' note: this is technical device, not for use with real data

A common choice of submodel is, for a mean-z&aro
p(z) = dP(2){1 + "h(2)}
where/h/- * M and"< 1/M so thatp (z) $ 0

Now any lower bound foP: is also a lower bound foP
' always easier to estimate under smalleP: than largerP
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Stein (1956)

EFFICIENT NONPARAMETRIC TESTING
AND ESTIMATION

CHARLES STEIN
STANFORD UNIVERSITY

1. Introduction

It is customary to treat nonparametric statistical theory as a subject completely dif-
ferent from parametric theory. In this paper, I try to study one of the more obvious con-
nections between the two subjects. Clearly a nonparametric problem is at least as diffi-
cult as any of the parametric problems obtained by assuming we have enough knowledge
of the unknown state of nature to restrict it to a finite-dimensional set. For a problem in
which one wants to estimate a single real-valued function of the unknown state of nature
it frequently happens that (in a sense made somewhat more precise in section 2 and, for
special cases, in later sections) there is, through each state of nature, a one-dimensional
problem which is, for large samples, at least as difficult (to a first approximation) as any
other finite-dimensional problem at that point. If a procedure does essentially as well, for
large samples, as one could do for each such one-dimensional problem, one is justified
in considering the procedure efficient for large samples. If there is no such procedure,
one may be forced to adopt a less severe definition of efficiency, as suggested by Wolfo- 33/95

<riér [11



Background & Setup
El!ciency Theory Nonparametric E!ciency Bounds
InRuence Functions

Nonparametric lower bounds

Since any lower bound fde: is also one folP, the best and most
informative is thegreatest such lower bound

' P. is smooth & Pnite-dim, so C-R tells us how to compute!

The Cramer-Rao bound fde: is

| %P )2/ var(s )
where! ¥P:) = 21 ()= ands = s(z) = q2logp (2)| =0 is
the submodel score function
' e.g.,s(z) = h(z) for previous common submodel
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Distributional Taylor expansion

What can we say about the derivative in the humerator?
Supposd is smooth & satisbesdistributional Taylor expansion
!
L(P)# ! (P)= $(P)d(P# P)+ Ry(P,P)

for mean-zero & Pnite-vat(z; P), and R, a 2nd-order remainder
' this is sometimes calledon Mises expansion

R being2nd-ordermeans it only depends oproductsor squares
of di"erences betwee® and P
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von Mises (1947)

ON THE ASYMPTOTIC DISTRIBUTION OF DIFFERENTIABLE
STATISTICAL FUNCTIONS

By R. v. MisEs

Harvard University
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Pfanzagl (1982)

Let k: ¥ R be a functional. For asymptotic theory, the local
properties of this functional are essential, i.e., its behavior in con-
tiguous neighborhoods. These local properties determine how good opti-
mal tests and estimators can be asymptotically. The mathematical con-

struct suitable for this purpose is the gradient.

4.1.1. Definition. A function k" (+,P) €%, (P) is a gradient of k at P

for § if for every g€ T(P,B) and every path P g’ t+0, in $ with
'

derivative g,

K(Pt’g)— k(P) = tP(k " (+,P)g) + o(t) .

If x admits a gradient at P we call «x differentiable at P.
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Distributional Taylor expansion

The von Mises expansion is just ambnite-dimensional /
distributional analogof Taylor expansion

' $(z;Q) acts as a usuatlerivative term
! describes how changes locally, when moving frofto P

WhenZ ({ 1,...,k} is discrete sd® = {p4, ..., p«}, the von Mises
expansion reduces to usual Taylor expansion vRiiP, P) equal to

I

P(P1y 0 P) # V(P10 Pr) #
j=1

1t ) (B # )

'tJ t=p
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Pathwise di"erentiability

A related notion of smoothness athwise di"erentiability
!

LP) = $(zP)s(2) dP()

for every smooth submodét .

This is implied by the von Mises expansion, under regularity
conditions, by taking P, Q) = ( P, P), di"erentiating both sides,
and noting thatR, being second order means

Ro(P,P): _ =0.
which is also essentialljeyman orthogonality
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Pathwise di"erentiability is important

The pathwise di"erentiability of as a map fromP " R, i.e., that
!

L (P)# ! (P)= $(P) d(P# P)+ Ru(P,P)

for mean-zero/bnite-variancé, is really key

' will see later that this not only givewer boundsbut also
suggests how to bias-correct a plug-in

Typically say any$ satisfying above is amf3uence functiorfor !
' orinRuence curver gradient
I however, donOt confuse with an IF for estimator %0
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Elcient infSuence function

If I is pathwise di"erentiable, then the greatest lower bound is

%, \2 2
Sup! (P )= _ P($h)<

2
WP EE) WP pmy D)

inequality by Cauchy-Schwarz, equality$ifis valid submodel score
' valid score % $ is intangent spacegclosure of score space)

ThereforeP($2) = var($) is nonparametric analog of CR bound!
' we call$ the elcient inBuence function

This is hugely important - implies no estimator can beat
T n(d# 1) N, var®$))

in a (local) asymptotic minimax sense!
41/95
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Local minimaxity

Theorem (Corollary 2.6, van der Vaart (2002))

Let! : P " R be pathwise dilerentiable with e"cient inuence
function $. Assume the model is nonparametric or the tangent
space is a convex cone. Then

/ 0
inf liminf  sup  nEq {Y%!(Q)}? $ va{$(Z;P)}
&0 n& 1y (p Q)<&

for any estimator sequencét= 1%8.
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Some history from Bickel, Klaasen, Ritov, Wellner (199

Chapter 3 contains our basic answers to questions A and B. The material in
section 3.2 on tangent spaces is basic to the rest of the monograph. In section
3.3 we give an approach to information bounds for semiparametric models
which derives from a more nonparametric view involving pathwise (Hadamard)
differentiation of Euclidean-valued functions v. It stems from figure 2.4.2 and
propositions 2.4.1.B, 2.4.2, and 2.4.3. This approach began in the work of Levit
(1978) and Koshevnik and Levit (1976), and has been further developed by
Pfanzagl and Wefelmeyer (1982), (1985), Pfanzagl (1990), and Van der Vaart
(1988a). A key element of our approach is the emphasis on the asymptotic
linearity of efficient procedures and identification of the linear approximation—
what we call the efficient influence function. An alternative approach to infor-
mation bounds for semiparametric models based on scores and score operators
developed by Begun, Hall, Huang, and Wellner (1983) is outlined in section 3.4.
This approach, which is based on what we call the efficient score function, con-
tinues the theme begun in proposition 2.4.1.A and figure 2.4.1 of section 2.4.

These same themes, but with different emphases and with greater generality,
have been developed in the fundamental works of Le Cam (1986), Le Cam and
Yang (1990), and Ibragimov and Has’minskii (1981).
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Taking a step back

LetOs review what weOve learned here

We have aower bound indicating that no estimator can be more

elcient than .
n(l0# )" N(O,var($))

in the asymptotic minimax sense, whegeis the elcient inRuence
function, i.e., @ mean-zero Pnite-variance function satisfying
I

L (P) EI:O: $(z: P)s (2) dP(2)

for all submodels and scores, and which is itself a score
' begs the question: is the bound sharp? can it be attained?
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Inffuence functions

Before we bgure out whether/how the bound can be attained,
letOs look at somexamples of inBuence functios

' it turns out if we know$ then we can often construct elcient
estimators under weak conditions (next part of tutorial)

There are 3 main ways | know of to derive IFs
1. most general: compute derivativie®>:) and solve for$

2. often easier to pretend data are discrete and compGieteaux
derivativein direction of point mass contamination

3. mine: use chain/product rules w/ simple IFs as building blocks
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Inffuence function for mean

#
The simplest IF is for the meah = E(Z) = z dP(2):
! !

| %P = 20PN f,:0= 7—dP (2) EI:O
=z —logdP.(z) dP.(2):
! - (.
= (z#!') —logdP(2) :'=o dP(z)

ThusEIF is$(z;P) = z# ! . Also von Mises holds witR, = 0.

Here it is easy to sethe bound is attained For 10 = P(Z)
+

var n(0# | )' =var(Z) = var($)
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InBuence function for integrated square density

#
For! = p(z)? dz we have
! !

%P = — p@Pdze = —p(2)Pdz
! T 7
= 2p(2) logp(z) p(z)dz:
S o (.
= 2pl2#! — logp (2) :'=o p(z) dz

so EIF is$ =2(p# ! ). Here the von Mises remainder is

'+

Ro(P.Q)= #  p(2)# q(z2) dz
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Gateaux derivative approach

For more complicated functionals other techniques can be quicker

von Mises and Hampel in the 1940s/1970s usgdteaux derivative
of I at P(z% in direction of point mass# # P(z%)

1

+ .
I (Q#"PEZF+ "t - $(2)

This is technicallyonly valid for discreteZ
' but can usually pretend discrete, and genekdF will be clear

Why does this work? Note LHS is just p@thwise derivative for
particular submodel with = #, ... =% $s dP = $(2)
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InfRuence function for conditional mean

LetZ = (X,Y) with X discrete, and suppose = E(Y | X = Xx).

One can similarly show that in a nonparametric model

1X=x)"

SER= b=

Y # (Y | X = %)

A quick way to see this is to note = %
!

we know EIF for numerator and denominator, now can use
fact that EIF is a derivativeo justify quotient rule

this trick can also work for more complicated parameters:
many are structured combinations of conditional means
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The strategy | use

Trick 1. Pretend the data are discrete.
Trick 2. Treat IFs as derivatives, allowing use of di"erentiation rules.

For example, leflIF : $ " L,(P) map functional! : P " IR toits
IF $(2) ( Lo(P) in a nonparametric model.
Then:

rick  2a. (product rule) TF(! 1! 2) = TF(! 1)! 2 + ! 1IF(! )

rick  2b. (chain rule) TF(f (! )) = %! )IF(! )

Trick 3. Use inBuence function b_uilding blocks, e.g.,
IF(E(Y | X = X)) = $520{Y # BE(Y | X = X)}.
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InBuence function for ATE

For! = E{E(Y | X,A=1)} under nonparametric model, EIF is

At -
SZiP)= gy Y HHO) OO # !

where((X)= P(A=1 | X)andu(X)= E(Y | X,A=1).
The second-order von Mises remainder is
I 1+ +

Ro(P, P) = (W)um#ﬂm’MM#mmﬂPm

" foreshadowing double robustness...
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A Appendix

A.1  Two Derivations of the Influence Function of the ATE

AL1 Integral Bquation Approsch

To derive the influace function v the pattvise diffrentiability condition, ono necds to first

caleulate the derivative of the parameter

a(d‘(lﬂ) om0 (15)
on any smooth parametric submodel P, (satisfying Py — P), set it equal to the inner product
e tovniance)

Joor (Zoewia) |, @) (9)
sl i gl cqution o o nfucnce fneton #(2). T what ollws wetcklo e
v bl st o e e et s s,

Derivative of parameter
First we will compute
submadel satisfying Fy = P. Note that the submadel scare decomposes as a sum

2 tog e, (2) = 2 logab (| 5,0) + 2 og (o | 2) + £ g )

s{z)=

B

= nuly | 2,0) + sela | 7) + 8cla)

Thectoe, usig the defiiion of the paramote, s dertvatve cquals
Zumy=L [ oyl nn e
<[ [y priran e [ [yaoien fwe
= [rstien @y ion @+ [ [y s @),

whoro i the thisd cquality we sed tho derivativ of  logarith, ., that & log £.(2) =
%n(;‘//f((z) Therefore the derivative of the ATE on a submodel at ¢ = 0 is given by

o [ [ {120 4 a@s@)} doty 1 21) o) an
Now our task s to writethis dervtiv i inner produet form a i (16),

Exprossing as nnor product

Specifically here we aim to write the derivative (17) in the form

[ etonts 0+ s )+ e}y )

a4
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ATE proof using Strategies 1-2

o e e function . e e 1o sl the gl eqution

J{[ v sts1 20 am 12,0 < smtor} av) = [ et e a9
for . This does not b an cbvious slution i the coreet orm o s ot alcady v
o i o oyt bk o o et hld A o o omeig ol

error-bound path is to keep conjecturing candidates for , uatil one work

Instcad it can be helpful o start by decomposing the influence function as p(z) = (3 ,a) +
ult ) + pale) where

o0 ar
/»’u(a.t) Bla] )= 0 (19)

Jeat) vty =0

Note that this decompasiion Lolds for any random variable = ¢(2) by sply cenering
appropriately, Le., deining iy (¥; X, 4) — ¢~E( | X, 4), ¢al4, (o] X, A)-E(p | X),

2(X) ~ E(p | X) ~ E(g). Tnsporcaatly, with this decomposicion, the iuner product o
The s s of (1) siplies 10

St o+ oo} outy .00+ nla 1 2) 4 (o)} db(e)
= [ {tnaaisty | 20 +asintal 2+ enlato)} a8G)

by virtue of the restrictions in (19), and the fact that so(y | ,a), so(a | z), and so(z) are
score functions and so similarly have conditional mean zero, ic.,

Jaz0 @20 -0

/sn(a |2) dB(a|2) =0

/ () dP(z) = 0.

By using the decomposition (19) we have essentially transformed our problem from solving

one big integral equation to solving three smaller and easier integral equations. Specifically

now noed to solve or (4, 7, ) in

//{y soly | .1) + u@)sole) } Bly | 2,1) dB(z)

= [{otn syl 2.0« eolw2hnla | 2)+ erlolsoe}

‘This imumediately leads us to the choices g,(a, z) = 0 and g, (z) = () ~E{u(X)} = plz)~v.
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ATE proof using Strategies 1-2

The vemining tak is ta find (s 2,0), which basd o the sbare amonits to scving the and
integrl oquation O ien
Srilna

[ [vsitoten av 150 et = [ sty 12,0) )
—rily| z,0)
Notethe derfativ term on th ff-Hand side sbove cqunls

T [ontvin i) w5 v
=[] [ 1m0 @100 e

where n the st equality we simply introduced the treatument distsibution dP(a | 7} = ar(x)
(1—a)(1 - 7(x)), and in the socond we multiplicd by the indicator 10 pick out the required Now we evaluate the parameter on the submodel, diffcentiate, and sel. ¢ = 0, which gives
soly | ,1) term, and then divided by (z) to cancel out the sditional 7(z) term that appears

_1e=2)-pl)
[ [vststn an 1) avis plez)

—1a-Az-X) (21)

<) dP(z)

arhere the frst equality follows from the chain rule, and the rest by just rearranging.

T 0 e s e . Wo o i o g sl o bt yeenoe £ e IV T
ko o ot med ¢ before. T e /() o . ight o, bt et b cntero EAIIes SO UER R
50 that it has conditional meau zexo and thus satsfes the st ine of (19). This leads to tho e s
e . PR =Yo{ gt an e w120 g},
anaz) = - [ 20 = (v = |
e e @ . e [ME=Y) a1 e
Combining it (o) s o g e ol e i =Ssf0= =0 {M TR ) ot )= ) st
A . = Aty u
;mn(x){v—mx‘,)m(v)w (20) saoly —u0} s

wehere the socond equality follows by the chain rule, the third by substituting i the expression

Since the work above shows that this satisfies the pathvise diffrentiability condition for any.
in (21), and the fourth rearranging,

sufficiently smooth parametic submodel, it is the influence function,

Therefore the Gateaux derivative approach gives the same infiuence fanction ss the more in-
walved integral equation approach, thongh even the Gatenux derivntive required more thin &

18 Cotean Detiaive Semraec ‘page of calculations, and some care with the submodel derivatives. Note also that the influence

The Gateaus derivative approach can be viewed as a special ease of the above, where one function we arvived at is perfeccly well-defined outside of the discrete setup, as long as the
uses a particular choiee of parametric submodel, for which the pathwise derivative is actually regression functions = and j are well-defned.
equal to the influence function, rather than an integral equation that needs to be solved. This

text.

One simple such submodel s given by Pi(z) = (1 — JF(z) + 7. where &7 is the Dirac
Since = s discrete, we can just work with the mass function p?(2) =
2). First note that for the submodel 72 (z) we have

Qo +a

= ) (- aG=2)

Pl L) = S = T () + ela = Az = X)
o] 2y lon2) _ (1= pla,z) + ea s
Rl ="y {1 p) + iz

i) = (1 - pla) + etlx
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ATE proof using Strategy 3

The inBuence functiodlF(! ) for the ATE ! = E{u(X)} is

1$ 2 ) 0
IF H(X)p(x) = IF{u(x)} p(x) + U(X)IEF{p(x)}
X X
% ix=xA=1" ' _ )
= @ Y HOO OO HOI0= X)# p0a)
AT ,
- |
s Y # p(X) + p(X)# !

where the Pbrst equality follows by Trick 1, the second by Trick 2a,
the third by Trick 3, and the fourth by rearranging.
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Proper semiparametric models

We have focused on nonparametric moddbs:= all distributions

What if P is restricted in some way?

' i.e., we may know the propensity scof€x), or may want to
assumeE(Y | X,A=1) # E(Y | X,A=0)= !

Then there aremore/many infBuence functions
' why? we are reducing the set of submodel scores
! so the condition that! %¥P:) = cov($, s) is less stringent

' still only one elcient IF: the EIF that is valid submodel score,
i.e., intangent space(i.e., space of scores + limit pts)
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What happens w/ATE when PS is known?

If ( known, infuence functions take the form

+

$4(Z;P) = (é() Y # g(X) +g(X)# !

for anyg. The EIF is same as nonparametric cagse<{ [).

Why are these IFs not IFs in nonparametric model? Scores di"er:
p(y [x,8((x)p(x) vs. p(ylx,ap(alx)p(x)

=% s((y|x,a+ 0+s(x) vs. s(y|x,a+ s(a|x)+ s(x)

=% for g ¥ W, we have covg,s) ¥ ! ¥P) for s the NP score
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' ( unknown 6 $4 is valid submodel score but not valid IF
' ( known =% $4 is valid IF but not valid submodel score
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Aside: semiparametrics vs. projections

To me there is a distinct di"erence between semiparametric models
where, e.g.( is known vs. where parametric structure is assumed

' one can avoid the latter by usingrojections

For example it is common to assuméX) = g(X;! ) where
Y)(X)= E(Y | X,A=1) # E(Y | X,A=0) is the CATE

Instead you could usg nonparametrically, only for projection, e.g.,

/ 0
I =argmin E w(X){) (X) # g(X;! ')}?
!

This might yield small loss in elciency (constants), but many
advantages: big gains in interpretation, math, & honesty (imo)
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Recap

Where are we?

' we have a powerful nonparametric lower bound from the EIF,
and know how to construct it in general cases

Now we need upper bounds!
' how should we construct estimators?
' under what conditions (if any) are they e!cient?

Ideally we want estimators that allow general machine learning

methods for estimatingP
' next section!
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Some notation

Throughout will use
P(f)= P{f(2)} = f(z2) dP(2)

for expectationsover new observatioZ (treating f as bxed)

Thus P(0) = E(P| Z4, ..., Z,) is randomwhenPis (e.g., when
estimated from sample)

I contrast with E{f(Z)}, which averages over bot® and Z
I E{fZ)} ) P(P) unlessP= f is a bxed function
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Plug-in bias

WeOre considering satisfying von Mises/Taylor expansion
!

L(P)#! (P)= $(P)d(P# P)+ Ry(P,P)

for IF $(z;IP) and R, a 2nd-order remainder.

This suggests plug-in estimators will typically have 1st order bias:
!

L(@P)Y# 1 (P)=# $(P)dP+ Ry(P,P)
(since# $(P) dP =0)

Plug-ins aresimple & intuitive but typically suboptimal
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Plug-in bias
A plug-in estimator for the ATE is
% = Po{ pX)}

If Poestimated on split independent @, the bias is
!

E(%i# )= E{pex)# p(x)} dP(x),

which is just integrated bias dlitself
' would typically be of same order as pointwise bias
' wi/standard tuning, larger than 1 n in nonparametric models

Intuitively the plug-in essentially makes parameter estimation as
hard as regression estimation
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Bias correction

. any ideas about how to move forward? estimate the bias!
#
From before, the bias i¢  $(z; 9 dP(z): just a mean!
So a natural bias-corrected estimator is

Yo= 1 (B9 + Pu{$(Z; P9}

sometimes calle@dne-step estimator
' has a pretty long history, going back to the 1970s

' coincides in one way or another with many of your favorite
semiparametric / doubly robust / TMLE / DML estimators
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Pfanzagl (1982)

11.4.1. Improvement procedure. Assume that k: © » R is differentiable.

For PED let k" (+,P) ET(P,B) denote its canonical gradient. Let Pn B
n €N, be an estimator-sequence attaining its values in 9. Then the

improved estimator-sequence ", n€N, is defined by

2 n

T k' (x ,P_(x,)), x €X', n€EN.
vt v'Pnl¥ x

(11.4.2) x"(x):= k(P (x,°)) +n7!

The reader familiar with parametric statistical theory will easi-
ly recognize that (11.4.2) generalizes the improvement procedure based
on the Newton-Raphson approximation to the solution of the likelihood

equation (see, e.g., LeCam, 1956, p. 139).
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Some examples

One-step estimator for the expected density:
!

Y= 2P {P6Z)}#  Phz)? dz.

One-step estimator for the ATE:

*

O b, pex)+ AL ROO}

¥X)
One-step estimator for the expected conditional covariance:

|+ A+ ,0
%= P, A# MKX) Y # pX)
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Relation to estimating equations/TMLE

The previous bias correction correspondsestimating equationor
one-step correction

An alternative is TMLE - this gI_oes the same bias correction, but
approximately, by constructin®' such that

L(P') 21 (P)+ Po{$(P)}

This isasymptotically equivalento the estimating equation or
one-step correction approach

I but can give better bPnite-sample propertied if®') bounded
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One-step decomposition

One-step estimator has important & general decomposition:

Y1 =1 (P9 + P {MZ)I# ! (P)
= (Pn# P)%Z) + Roy(PA P)
= (Pn# P)$(Z) +(Pn# P){$Z) # $(2)} + R(BP)
'S AT+ T,

Note:
' 1st termis a sample average of a bxed function CLT
' 2nd termis sample average of term witshrinking variance
' 3rd termis 2nd-order can be negligible under NP conditions

If we can kill2nd and 3rd termswe havee!cient estimator!
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The game is afoot

So now the game is bPnding conditions under which
' (empirical process termY 1 = (P, # P)($a $)
I (bias term) To = Ry(P, P)

are negligible, i.e., of ordem]P(ll_ n.

Then n(O#1)= nPu($)+ op(1)" N(O,var®)), i.e.,
1. Yis root-n consistent,
2. Yis asymptotically normal, with asymptotically valid 95% Cls
given byt 1.96 vaf{$(zZ;#9}/n,

3. %is optimal in a local asymptotic minimax sense.
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Main idea

When $6and IP,, use the same data, the bias correction in the
one-step estimator uses same data twice, for two di"erent tasks

' (1) estimating nuisance fn$% (2) estimating biasP(%)
! a kind of Odouble-dippingQvhich can yieldoverbtting

Natural way to avoid overbtting is to not bt overly complex models
' here one can assume nuisance fns li®imsker classes
' i.e., bracketing/entropy integrals Pnite (see vdV Ch 18)
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Donsker examples

Donsker classes include

indicator functions

VC classes

bounded monotone functions

Lipschitz parametric functions

smooth functions with bounded partials
Sobolev classes

uniform sectional variation
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Why Donsker matters (fof ;)

Lemma 19.24, van der Vaart (2000): Suppose
1. Of (F for some Donsker class
2. 1P# £/2= 0p(2)

Then: ) )
(Ph# P)P= (P # P)f + op(l/ n)

This follows from thecontinuous mapping theorerapplied to
(Gn,® " (G,f) with function h(z,f% = z(f % # z(f).
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When Donsker fails...

The Donsker condition is quite a bit weaker than requirihgo
follow particular parametric models, but it istill pretty restrictive

' requires sulcient smoothness relative to dimensios¥ d/ 2)
generally fails in high-dimensional settings witl> n
unclear for modern methods that are very complex/adaptive

Luckily there is a simple bx that has been around for a long time
' sample splitting
' this not only removes all complexity conditions (only requiring
consistency) but also greatly simplibes proofs
' Hasminskii & Ibragimov (1979), Bickel (1982), vdV (1998),
Robins (2008), vdL (2011), Chernozhukov et al (2018), etc.
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Pfanzagl (1982)

11.4.5. Remark. Hasminskii and Ibragimov (1979, pp. 44-46, Theorems
2-4) establish the as. efficiency of improved estimator-sequences for
non-parametric models. For technical reasons, they use a slightly
modified version of the improvement procedure, in which the estimator
Pn (x,*) is based on xl""’xk(n) , whereas the summation in
ZK'(xv.Pn(g,-)) extends over v = k(n) +1,...,n. By this trick they
achieve that x, for v = k(n) +1,...,n are stochastically independent
of Pn(g,-). Letting k(n), n €N, tend to infinity sufficiently f as t,

one obtains estimators Pn(_x_,-) which are sufficiently close to P. If
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Sample splitting

Randomly split observationsg, ..., Z,) into K disjoint groups
' using random variabl& drawn independently of data, where
S ({ 1,...,K} denotes group number for unit

Let # . denote nuisance estimator constructed excluding gréup
i.e., using units{i : S ¥ k}

Then instead use . (

i

where!? is the usual estimator in théth fold
+ 1
%=1 (%) + Py $(Z; %))

whereP¥ denotes empirical ovekth fold
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Sample splitting schematic

Empirical Processes & Sample Splitting
Second-Order Remainder

> Construct *6x

1
) " fold 4
Estimate!S, =

compute avg.
=17 16

EE

D¢
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Sample splitting analysis

For each”? we have a similar decomposition f8f # ! as before
= (Pr# P)$(Z;P) + (P # PI{$(Z: B0 ) # $(Z;P)} + Re(B0 , P)
'S+ Tyt Ta
by the exact same logic as before, and similarly
5 (6 7
P 1 =S + o T T ST+ T
k=1

Now eachTk can be analyzed by conditioning dm : S ¥ k}
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Sample splitting lemma

Lemma (see e.g., OSharp instruments...O Kennedy et al.)

Let P be estimated from a samplEN = (Zp41, ..., Zn) and letP,
denote the empirical measure ov§#y, ..., Z,), independent oZN.

Then 8 9

(P # P)(P# f)= Op /p#n”

Proof. )
Conditional onzN, the term G, (P# f) has mean zero and

variance bounded above ByP# f/2. The result then follows by
MarkovOs inequality. O
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Sample splitting

This is a beautifully simple result!

As long as®ois consistent for$ in L, norm, andK is Pnite:
' we haveT; = op(1)

I donOt need any complexity conditions whatsoever - free to use
any modern ML methods we like

also somewhat more transparent than Donsker approach
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Recap

We have seen two nonparametric ways to control empirical process
terms of the form

(Pn # P){$62) # $(2)}

which allows us to kill the brst ternt; in the decomposition of
our inBuence function-based bias-corrected estimator

' restrict the complexity of$(1P) via Donsker conditions
' sample splitting to avoid any restrictions (only consistency)

We are one-step closer to an elcient estimator
' now need to study the second-order remainder
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Second-order remainders

The 2nd-order remainder termB,(®, P) typically need to be
studied on a case-by-case basis

This term is really what makes the bias-corrected estimator special
' for general plug-ins, thd'; and CLT-type terms also appear

' but the remainder is generally non-negligible, resulting in a
slower rate of convergence

The amazing thing about the bias-corrected approach is that
can be negligible even in complex nonparametric models
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Zero remainder examples

Recall earlier we showed that fér = FE(Z) we have
I
S+

L @#! (P)=# z#!(Q) dP(2)
so that R, = 0 exactly.

Of course this holds for any knowin(Z), e.g.,f = )A(Y #09)+ g
' this shows that IPW-style IFs are in fact IFs whénis known
' each satisbes the von Mises expansion vidgh= 0
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Integrated density squared

#
Recall the IF forl = p(z)? dzis

$(z;p)=2{p(2)# '}

We showed that general plug-ii,(p) will not be " n-consistent
' kernel plug-in canwith undersmoothing & strong smoothness

Consider instead |IF-based bias-corrected estimator
|

!6:21Pn(p')#' '3

I (suppose weOve constructedrdm a separate sample)
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Integrated density squared

The IF-based estimator satisbes
O# 1 =2(Pn# P)(p# p) +2(Pn# P)p + Ra(p, p)
where I

Ro(p,p)= # (Pp# p)?

11
The optimal rate for estimating smootlp in L, norm isnz+d”
' therefore needﬁ > 1/2, i.e.,% >d/ 2 rather than% >d
we need half smoothness pf & no undersmoothing required!
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ATE

Recall the IF for = E{E(Y | X,A=1)}'" E{u(X)}is
AT -
$(Z;P)= —~—< Y H#HUX) + uX)#!
@ZiP)= g Y #HO) +uX)
Plug-in: Pa(A) # ! =(Pnr# P)(# W)+ (Ph# P)u+ ]P_(ri# W)
' generally dominated by last term, which is n@p(1/ n)

Consider instead |IF-based bias-corrected estimator
) i AT , )
O=P, —— Y#@PX) +d(X)
" 6(X)

I (suppose weOve constructedr@m a separate sample)

84/95



Intro & Setup
Empirical Processes & Sample Splitting
Nonparametric Estimation Second-Order Remainder

ATE

The IF-based estimator satisbes

O# 1 =(Pp# PY®# $)+(Pn# P)$+ Ra(8*)

where
& 1 )
Ro(6*)= P 0(( #O)u# @) #/16# (/[ p#
Thus e.g.,n" ¥4 rates sulce! can be attained with sulcient
smoothness/sparsity

[ [
Optimal rate for smooth( (resp W) is n2+d# (resp.,n2+d/! )

! therefore needs i + 5oz > 12,06, +% >d/2
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Pfanzagl (1982)

To prove (11.4.3), assume that

1/2

(11.4.4) K(P_(x,+)) = k(P) + [’ (£,P)P_(x,48) +o (n” /%) .

This holds, for instance, if Kk is strongly differentiable in the
sense that

k(Q) = k(P) + [k" (E,P)Q(AE) +0(8(Q,P)?)

uniformly for Q€ B, and if P fulfills G(Pn(i,-),P) = op(n-
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LATE

The IF for! = E{E(Y |X,R=1)" E(Y|X,R=0)}

= BEAXRED " BAXR0)] 1S

+ .
$Sv(Z;P)#!1$ A(Z;P) E{$a(Z;P)}

for = CREMTEACRY 4 (T | X,R=1) # E(T | X,R=0)
The remainder term is bounded above by
6 7
Ro(P,P)# /6# (/ mrax/,br# ol +max/ i # il

where, g = E(A| X,R) and pgr = E(Y | X,R)
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Software

| have an R packagepcausal that implements inBuence
function-based estimators with sample splitting

Details can be found at:
https://www.ehkennedy.com/code.html

https://github.com/ehkennedy/npcausal
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Example npcausal code

Loadingnpcausal in R is easy:

install.packages("devtools")

library(devtools)
install_github("ehkennedy/npcausal")
library(npcausal)

VVVVYV
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Example npcausal code: ATE

> n <- 1000; x <- matrix(rnorm(n*5),nrow=n)
> a <- sample(3,n,replace=TRUE); y <- rnorm(n)
>
> ate.res <- ate(y,a,x)
| | 10
parameter est se ci.ll ci.ul  pval
1 E{Y(1)} -0.02114171 0.05695659 -1.327766e-01 0.09049322 0.710
2 E{Y(2)} -0.09023984 0.05613025 -2.002551e-01 0.01977546 0.108
3 E{Y(3)} 0.11000161 0.05612383 -1.102083e-06 0.22000432 0.050

4 E{Y(2)-Y(1)} -0.06909813 0.07990418 -2.257103e-01 0.08751405 0.387
5 E{Y(3)-Y(1)} 0.13114332 0.07999265 -2.564228e-02 0.28792891 0.101
6 E{Y(3)-Y(2)} 0.20024145 0.07987263 4.369109e-02 0.35679180 0.012
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Example npcausal code: ATT

n <- 1000; x <- matrix(rnorm(n*5),nrow=n)
a <- rbinom(n,1,.3); y <- rnorm(n)

vV V.V V

att.res <- att(y,a,x)

| | 100
parameter est se ci.ll ci.ul  pval

1 E(Y|A=1) 0.07668552 0.05336217 -0.02790434 0.1812754 0.151

2 E{Y(0)|A=1} 0.01934400 0.01895868 -0.01781501 0.0565030 0.308

3 E{Y-Y(0)|A=1} 0.05734152 0.05660685 -0.05360791 0.1682910 0.311

91/95



Intro & Setup
Empirical Processes & Sample Splitting
Nonparametric Estimation Second-Order Remainder

Example npcausal code: LATE

> n <- 100; x <- matrix(rnorm(n*5),nrow=n)

> z <- rbinom(n,1,0.5); a <- rbinom(n,1,0.6*z+0.2)

>y <- rnorm(n)

>

> jvlate.res <- ivlate(y,a,z,x)
| | 10
parameter est se ci.ll ci.ul  pval

1 LATE -0.07832395 0.39111888 -8.449169e-01 0.6882690 0.841

2 Strength 0.57774804 0.08328482 4.145098e-01 0.7409863 NA
3 Sharpness 0.04745317 0.17225263 2.841594e-05 0.9886793 NA
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Software

There are other functions as well, which implement procedures
from some of my papers:

I OSharp instruments for classifying compliers and generalizing
causal e"ectsO

! ONonparametric methods for doubly robust estimation of
continuous treatment e"ectsO

! ONonparametric causal e"ects based on incremental
propensity score interventionsO
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Some open problems

NP functional estimation may seem like apen-and-shut case
" not at all - tons of important open problems!

1. What about new functionals?
2. What if n rates are not attainable?

3. What if ! is not pathwise di"erentiable?

" Lots of exciting work for us to do!
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References

Readable intros:

' Newey (1990): Semiparametric e!ciency bounds

! Hahn (1998): On the role of the propensity score in elcient...

' van der Vaart (2002): Lecture notes on semiparametric statistics
' Tsiatis (2006): Semiparametric theory & missing data

' Kennedy (2022): Semiparametric DR T DML

Good references:

' BKRW (1993): El!cient & adaptive estimation for SP models

! Robins, Rotnitzky, Zhao (1995): Analysis of SP regression...

! van der Laan & Robins (2003): UniPed methods for censored...
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Useful examplegnote this is a very small sample)
van der Laan (2006): Statist. inference for variable importance
' Tchetgen & Shpitser (2012): Semiparametric theory for...
! Kandasamy et al. (2014): InBuence functions for ML...
' Ogburn et al. (2015): DR estimation of the LATE curve
' Farrell (2015): Robust inference on ATEs with possibly more...
! Chernozhukov et al. (2017): Double ML
' my papers?

In addition to above authors, also check out papers by:
! Carone, Diaz, Luedtke, Newey, Tan, Vansteelandt,
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Fun to read and historically important:

! Stein (1956): E!cient nonparametric testing & estimation

! Bickel & Ritov (1988): Estimating integrated squared density...
' Pfanzagl (1992): Contributions to a general asymptotic...

If youOre feeling courageous:

! Robins et al. (2008): Higher order inRuence functions...

' Carone et al. (2014): Higher order TMLE

' Robins et al. (2017): Minimax estimation of a functional...
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Thank you!
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