09 Cross-validation

All of the methods we have explored thus far involve tuning parameters, which trade off
bias against variance: number of neighbors k for kNN estimators, bandwidth h for kernel /local
polynomial estimators, basis dimension k for series estimators, number of leaves ¢ for random
forest estimators, etc. We have described choices of these tuning parameters based on balancing
upper bounds on the (squared) bias and variance to minimize mean squared error, e.g., with

k= CnQ/(Q-‘rd) h = Cn—l/(28+d) - Cnd/(28+d) /= Cnl/(1+0.75/s log 2)‘

However, in finite samples the choice of constant C' can overwhelm the dependence on n and
in practice the underlying smoothness s is often unknown. Further, our MSE bounds may be
incorrect if smoothness or other structural assumptions fail to hold, in which case we might
still want to pick the best estimator in some sense. Thus in these notes we pursue how to use
the data directly to pick tuning parameters, via cross-validation.

1 Sample splitting

Here we consider splitting the sample into two parts, D and D5 of size n1 and ng, respectively,
using D7 for training and using D3 as a test sample for estimating a best tuning parameter
choice. Specifically, for a set H,, of tuning parameter values, first construct estimators iy ()
for every h € H,, using the training sample D7. Then move to the test data and pick the best
h satisfying, for example,

~ 1
h = arg min — Y — 1 (X;)V2.
hge?-[n n2 Zn{ ' 'uh( I)}
1€Dy

Now one can construct the final estimator zi7(z). A fundamental question is how the risk of
this estimator compares to that of an oracle who had used the best (random) choice of tuning
parameter

2
h* = argmin ||fiy, — p|* = argmin/ {ﬁh(:c) — ,u(x)} dP(x).
heH heH

Note this h* is called the best random choice since it is a random variable through its depen-
dence on DY, via the sequence of estimators i,. However, also note that it is not itself a feasible
choice in practice since it depends on the unknown distribution P and p. There are two flavors
of results for cross-validation: exact oracle inequalities with a larger error, and approximate
oracle inequalities with a smaller error. The following from Gyorfi et al. [2002] illustrates both.

Theorem 1. Assume |Y| < B and maxpey,, ||fnllcc < B. Then

—~ ~ log |H
Elf; — pll* < Elfins — pl* +C nin

where C' = 16B2%, and for any § > 0

7 = 1+log|H
Elfiz — pll> < (1 + 6)E|fine — plf2 + Cs (N)

where Cs = B2(16/5 + 35 + 196).



Importantly, the above theorem shows that one can achieve an error rate matching, up
to some multiplicative factor (possibly even one, matching even constants exactly), that of
the estimator based on the optimally chosen tuning parameter. Further, this is not only true
asymptotically, but at every finite sample size n. (Hamers & Kohler (2003) show how to fur-
ther improve the constant in the approximate oracle inequality from Cs = B%(16/6 +35+190)
to C§ = B*(4/6 + 32/3 +206/3).)

In practice one can take H, = {2 : k € {-n,—(n —1),...,—1,0,1,....,n — 1,n}} for
bandwidth tuning parameters, or H,, = {1,2,...,n} for numbers of neighbors or series dimen-
sion tuning parameters. In either case the gap between the achieved and oracle error for the
second approximate oracle inequality bound is of the order logn/n, which is of smaller order
than 1/n!~¢ for any € > 0 (or the square root of this for the first exact oracle inequality bound).

With the above choices of H,, this theorem immediately yields minimax optimal estimators,
e.g., in smoothness classes, which do not require knowing the smoothness or the constant in
the Holder condition. Note one can let #,, denote a set of pairs of (h,s) values, e.g., for
local polynomial estimators. Going even further, nothing in the theorem requires the set of
estimators

{ﬁh(:c) he ’Hn}

to even be of the same form, so one could include local polynomial estimators, series estima-
tors, additive model estimators, random forests, etc., and one would still have a guarantee on
the expected Lo error relative to that of an oracle that selected the best estimator by mini-
mizing the true Lo error. This is a very powerful and model-agnostic guarantee.

In what follows we prove the exact and approximate oracle inequalities separately, starting
with the exact inequality.

Proof. We will bound R, = E (Hﬁh — pl? ‘ D{L), and then take an expectation outside to
yield the result. First define

2y = 2 D7) = {¥ — mx)} —{v — 0}’

= {1(X) = (X J{Y = u(X) +Y = fin(X)} € £2B)(2B) = +4B>

and note that R
Ry =E (|7 — ul? | DY) =&{2(R) | DY},

since by a usual bias-variance decomposition we have
B [{v -0 op) =2 [{y - ux) + ) - 00} | ot
=5 |[{v w0} | 48 [{ue0) - o) | ot

In what follows we use the notation P{f(Z)} = E{f(Z) | D} and P, {f(Z)} = 7712 ZieDg f(Z)
as shorthand. Now consider the central decomposition

~ o~ ~

R, = P{Z(h)} = Pn{Z(h)} + (P - Pn)Z(h) = Sy + T,



and we bound the conditional mean of each term. By definition of 7 = arg min, P,{Z(h)} we
have

~

Therefore

B(s. | o) < | [{ﬂh*<x>—ﬂ<x>+u<x>—y}2—{u(X)—Y}Z} IP(X,Y)
— i — l?

whose expectation matches the first term in the desired bound. Now for the second term T,
note that E{(P—P,)Z(h) | D}'} = 0and ) ,{Z;(h) — PZ(h)} is sub-Gaussian with parameter
\/n28B? since each independent Z;(h) is sub-Gaussian with parameter 4B2. Therefore we can
apply the maximal inequality for sub-Gaussians (from Lecture 8, also see last section of these
notes) to deduce that

1 n
BT, | DY) < B{ jua (P~ P)2(0)] | D1} < 1652 [

This yields the result. A similar bound can alternatively be obtained as follows. First we use
a union bound and Hoeffding’s inequality to get

> n n —n2t2
P{|(P ~P)Z(R)| > t| D} } < [#Ha| max B{|(P = B)Z(h)] > t| D} } < [Ha[2exp

Then for C' = 32B* we have

E(T, | D}) < \/E(T2 | DY) < \/u+ | r@izeip)
= \/u—l—/ P(|T,| > Vt | D}) dt < \/u+/ |H,|2 exp <_th> dt
—C —nat o0 2C | Hy)| —nau
= 2 _— =
\/u+ ’Hn|{n2 exp( c >} . \/u+ s exp( e )
C(1+log 2|Hn|)

To minimize over u we take u = C'log2|H,|/n2, which gives E(T), | DY) < 4/ ——— >~

n2

The approximate oracle inequality is given for example in Theorem 7.1 from Gydrfi et al.
[2002]. Whereas the exact oracle inequality result uses a centered decomposition in the proof,
the approximate oracle inequality uses a decentered decomposition, which pulls the variables
a bit away from their expectation, so that the corresponding second term P(7, >t | D}) will
be smaller.

(8B%)2/2
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Proof. As before we bound R, = E (Hﬁﬁ — p|? ) D?), and then take an expectation outside
to yield the result. This time consider the decentered decomposition

~ ~

Ry = P{Z(0)} = (1 + 6P {Z(h)} + [(1 YO (P —Py)Z(h) — 5P{Z(ﬁ)}} =S, + T

As in the exact oracle inequality, by definition of h = arg min;, P,{Z(h)} we have

o~

Sp=1+0)Pu{Z(h)} < (1+0)Pu{Z(h")}
1 - 2 2
=(1 +5)miEZD:g [{Mh*(Xz‘) - Yz} - {M(Xz') - Yz} } :
so that
E(Sn | DY) = (14 6)||in- — pl)?

whose expectation matches the first term in the desired bound. Now we consider T;,, and show
that its conditional expectation given D7 is bounded above by the second term in the desired
bound, C(1 + log|H,|)/n2. We start with the following lemma.

Lemma 1. Under the assumptions of the theorem, and for T,, and C defined as above, we
have
P(T, >t | DY) < [Hn|exp(—n2t/C).

Proof. We have by a union bound that
P(T, >t| D) = P[(l +8)(P —Po)Z(h) — 6P{Z(R)} > t D?]

<P |max {(1 +0)(P —P,)Z(h) — 6P{Z(h)}} >t ’ D’f]

=P [3h € Hy: (1+0)(P—P)Z(h) — SP{Z(h)} > ¢ ‘ Dy

<Y {(P—Pn)Z(h) > t*‘sﬁi(m | D’f}

_ L+ OP{Z(h)}

< | puax B (P = ) 2) > P SO |y

Now note
0% =var{Z(h) | DV} <E{Z(h)* | D}
N 2 R 2
—& {00 - a0} {¥ =)+ Y -} | o)
< (4B)?(|fin — plI> = 16B*P{Z(h)}.
Therefore using the above bounds and Bernstein’s inequality

. t+602/(16B2 n
P(Tn>t‘D1><|Hn’}ILI€1%XP|:(P_P”)Z(h)> 14{(5 ) ‘Dl}

= [#a| max P (P~ P.)Z(h) = M(6,1) | D}

—’HQM((S, t)2
202 + 2M(5,1)(3B) /3} '

< I”HnleXp{



Finally, Gyorfi et al. [2002] (Problem 7.1) show

M(6,t)?
20T 120G 0EEY B = ¢

for C' = Cjy as defined in the theorem, which yields the result. O

Applying the lemma, now for any u > 0 we have

o0

E(Tn|D?)§u—|—/

u

P(T,, >t | DY) dt <u+ |Hn]/ exp(—nqot/C) dt
C exp(—nou/C)

and setting u = C'log |H,|/n2 gives

n Clog|H,| Cl|Hy 1+ log |H,
(r, | pp) < SOl Al g ) — 0 (L)
no n n2
yielding the desired second term in the bound. O

In addition to using cross-validation for model selection, it can also be of interest for di-
rectly estimating the risk of one or more estimators (e.g,. for understanding performance, or
for testing whether one estimator has better risk than another, etc.). The following result
illustrates how one can obtain for example a Berry-Esseen bound on how far away the distri-
bution of the (centered and scaled) cross-validated risk estimate is from a Gaussian.

~ 2
Theorem 2. Define the estimated risk R(ji) = n% ZieD’f {YZ - ,l/l\,(Xl)} and its conditional

2
expectation R(i) =E [{Y - ﬁ(X)} ‘ D?] , as well as the quantities

o2 = var [{Y ~ax) | D’f]

o= ||ty - a2 - ity - acoy o | o).
Then N ,
R@) = RD) _, | p\ gn| < Conle
e P{mﬁt\“} M=

for some constant C € (0.4,0.5).

Proof. Apply the Berry-Esseen inequality (conditionally, given D7) to the variables Z; =
{Yi - (X))} — E[{Y: — a(X,)}* | DY) 0

The above result motivates approximate 95% confidence intervals for the true error R(fip,)
of the form

~

R(fi) £ 1.966,,/\/n2

for 52 = var[{Y — 1in(X)}? | D}] the empirical variance estimator over the second sample.



2 K-fold cross-validation

In practice it is popular to take the sample splitting approach described above, and swap the
roles of test and training samples, so that each observation gets to contribute to both a test and
training set. This could be motivated by concerns about data scarcity (e.g., in sample-splitting
we only use half the data for training/testing) or stability (sample-splitting can give somewhat
different answers based on different splits, whereas K-fold cross-validation can be more stable).

For example, in K = 2-fold cross-validation we choose tuning parameters via

~ 1)1 . 1 .
h=argmin g | — S Y= a(X)P + — > {Yi — fian(X3)}?
heHn ngy —, ny <=,
i€D] 1€DT
In general for K-fold cross-validation we take
~ 1 &1 2
h=argmin > — S Y — i (X))}
azgé‘gun K Z n Z i M n(z),h( l)
n k=1 " ieDy

where x(7) is the fold for unit ¢ and fi_j j, is the estimator fz;, applied to all folds except k.

In practice most people use K = 5 or K = 10 folds (sometimes K = n is used, which
is called leave-one-out cross-validation - we will return to this later); however this choice is
driven more by computational concerns and/or tradition, more than any rigorous theoretical
justification.

Here it is natural to define the optimal index as

K

1
W =argmin — > " ||ipn — o
hen K i

and so one goal is to try to bound the cross-validated risk

1o )
7 2 ElA_; —ul
k=1
relative to that of the oracle P
1 ~
= S Bl g — ul
k=1

It turns out a similar result to sample splitting can be proved here.

Theorem 3. Assume |Y| < B and maxpey, ||[n]lco < B. Then for any § > 0

K K
1 N 1 ~ 1 + log [Hx|
=N Bl —ul? < (04 6) = S Bl e — pl? ~ ot
e DBl =l < (1 0) e DBl — o5 (P

where Cs = B%(16/5 + 35 + 196).



Proof. Using the same decomposition as before, let

)

R=5 Iz - ol | ) =& [{v = g0} | o] & [{y - ) f]
= P*Z,(h)

where we let P*{f(Z)} =E{f(Z) | D",} and

similar to before, and note

1 & 1 & 1 &
~ 2 _ ~ 2 _
?ZE||/’L_I€7}1_I’LH —E{KZE<||M_;€7;L—M|| \ an)} =E (K;Rk>

k=1

Now use the decomposition

K K K
Ry = é;mzk(m = }(;sz + = {a+0)PE P Zi(h) - 6P Z(h) }

—

£
Il

—

where ]P’,’j denotes a sample average over the kth fold. Now we consider the terms S and T}
in turn, as before. If ny, = n/K we have

1< IR
L et K= n/ €Dy
— (1 —+ 5)% i [{ﬁ_ﬁ(z),h(Xz) Y;}z _ {'U“(Xz) - Y;}Q:|

k=1
so that
E <1§:sk> < E{l iE(S}; | an)}
K k=1 K k=1

K
1 ~ 2
=(1+ 5)§ kZ_IEHMk,h* — ]

which is the first term in the desired bound.



Now move to the terms % > & Tx. Applying the same logic as before shows for each k that
1+ log ]’Hn|>

n

E(Ti | D",) < C (

so that when ny = n/K we have

“(xn) e{aem )< ()

Therefore overall we have

K

1 N 1+ log|Hn

*ZEHMM—M\F U+ 0% S Bl — ulf + 0 (5 &)
k=1

as desired. ]

As with sample splitting, we can also use cross-validation purely for risk estimation, instead
of explicit model selection. Berry-Esseen style approximate normality results are less natural
/ more challenging to apply for K-fold cross-validation, but we can obtain asymptotic normal-
ity results, as in the following, which is similar to Theorem 3 of Dudoit and van der Laan [2005].

Theorem 4. Denote the cross-validated estimated and true risk by

an > {ri-aaxo}

i€Dy

~ 1 ~ 2
n=L3e {v-a0)| D"k] -
k=1
Assume the number of folds K is constant, and
1. Y| < B and ||pi||oc < B, and

2. there exists a function fi(x) such that ||fil|cc < B and ||fi—x — @)l = op(1) .
Then
~+ N(0,1)

where 02 = var{(Y — 11(X))?}.

Proof. Let Pk denote the empirical measure over the kth fold, and let P{f(Z)} = [ f(»
Then we have

K
R~ B() = 5 S (B~ B (v — a0}
k=1
1 K k ~ 2 —\2 1 X k )2
= = > @ -P{ (v - - (v =2 )+ = D@ -P{ (v - 7))
k=1 k=1
K
= =3 Tk BB (v -7}
k=1



Now we show that

T, — Op <||M—\;n;k,“”>

by bounding the mean and variance and applying Markov’s inequality. First note the mean is
E(Ty | D) =B [Ph{ (v = fip)? = (V =)} | %] = P{(v =700 = (v =)} = 0.
For the variance we have

var(Ty | D"}) = var [PZ{(Y — i) = (Y - ﬁ)2} ’ Dﬁk}

= <n1k> var {(Y — k)= (Y —p)? ’ Dﬁk}
< () [{or-a- o -m2} | ony

= <nlk> E{(p—ﬁ_k)Z(Y—u+Y—ﬁ_k)2 ‘ Dﬁk}

21 —12
< 16B7||pix — ]

ng

where we used the fact that (Y — )2 — (Y — )2 = (@ —11_x)(Y =+ Y —i_) and the
boundedness of Y, ji, and 7z. Now by iterated expectation and Markov’s inequality

VT Ty
]p(nkk>M6> :[p)<nkk‘22M€2>

s —rl = A=
ng 9t n 1682
< R — e A D” <
{uu_k—uHZMz T | ’“)} A2

Thus we can always take M, = 4B/+/€ to ensure the probability is no more than any ¢ > 0.
Now since ny = n/K and ||fi—; — @] = op(1) we have T}, = op(1/y/n/K). And since K is
finite we have & >, T}, = op(1/y/n/K) = op(1/y/n) as well. This implies

R(1) = R(E) = (P~ P){ (Y = )2} + 0p(1/V)

which yields the result, by Slutsky’s and the CLT. O

The above asymptotic normality result motivates 95% confidence intervals for the true
error R(j1) of the form

R(7i) £1.965/v/n

2 is an appropriate estimator of the variance var{(Y — )%}, e.g.,

where &
- R 2
var [{Yz - ,u—n(i)(Xi)} ] :

i.e., the empirical variance of the out-of-sample residuals {Y; — fi_(;)(X;)}?.

For other recent distributional results for cross-validation, see:

1. Austern and Zhou [2020]
2. Bayle et al. [2020]



3 Leave-one-out cross-validation

3.1 Closed-form expression

Theorem 5. Let ji(z) =, wi(x; X")Y; be a linear smoother and let fi—i(x) = 3, ,; wj(x; X2,)Y;
be the leave-one-out version. If the weights satisfy

w;i (X X™)
1—7] ! = ZXz,Xn
wy (X oy~ ViE X

then there is a closed-form expression for the leave-one-out estimate given by

i(X5) — wi(Xi; X™)Y;
1-— wz(XZ,X") ’

i (Xi) =

which depends only on the full data estimate fi(x), the weight w;(X;; X™), and the outcome Y;.

Proof. Note the condition equivalently implies

w; (X X™)
(X X0y = e )
wJ( ’ 71) 1— wZ(XZ,X”)
so that by definition of i_; we have
- n 1 n
Ai(Xi) =D wi (X X))V = —— s > wi(Xis X",
.y 1 wz(Xz,X ) . g
J#i j#i
1 n
= [(Xi; XY — wi(X; XY
1 —w; (X5 X) ;wﬂ( i =il )
_E(XG) —wi( X XY
N 1 —’LUZ'(XZ‘;X")

Proposition 1. The condition

w;(X;; X™)

1 v
w;(Xi; X™;)

= wi(Xi; X")

holds for kNN, kernel, local polynomial, series, and centered random forest estimators.

Proof. For kNN estimators we can omit points with zero distance, yielding
1 1

wyw; X7) = 21{0 < |IX; = o < Di(a; X } = 11{X; € Ni()}

so that w;(X;; X™) = 0, and the estimators @ and ji_; are the same, i.e.,
- 1 n RS -
i) =) 1{Xj e Nk(Xi;X_Z-)} =3 1{Xj € Niw(Xi X )} = (X))

J#i =1

10



For kernel estimators we have

1 Xj—z X;j—x
wi(a; X™) = WK( i ) _ K( " )
A a lzn LK (ka:v) - noop (kax>
n £<k=1 pd h k=1 h

so that wi(Xi; X™) = K(0)/ 3, K (Xk;Xi) and

(X35 X™) —1_ Lz K <Xk;Xi) - K(0 = w;(X;; X™).

| wilXs X7
wj(XiSXEi) Zzle (Xk}_LXi) Z}Zle Xk_Xi)

Note if we had used x instead of X; we would get

Xp— Xi—
e S(R) K ()

wj(z; X™,) S K (th_x> - > oper K (th_z)

Blz)—wi(z:XM)Y;
1—w;(x; X™)

= wi(l“;Xn)

which implies fi_;(z) = more generally (this doesn’t hold for series estimators).

For series estimators we have
n 1 —
wj(2; X™) = —b(2) Pa{b(X)b(X)"} 'b(X;)

so that w; (X3 X™) = b(X;)*Q'b(X;)/n. First note that

Qo= oy SO = () {@ - oo

so that by the Sherman-Morrison formula

A (n=1\ [ A QTB(X)b(X)TQ ™ /n
9= = ( ) {Q . b(Xi)T@—lb(Xi)/n}'

Therefore

b(X»T@—lb(Xj):<n_1>b(xi>T@-1b<xj>{1+ b(X:)"Q'b(Xi)/n }

1—b(X:)"Q'b(X;)/n

<n - 1) b(X:)TQb(X;)

no ) 1—b(X)TQ1b(X;)/n
and
Lo wilXa Xt b(XiZT@_lb(Xj)/n
wy(Xis X2) b(Xi)TQZib(X;)/(n —1)
= 1= {1 - b(X)"Qb(X,) n | = wi(Xi X7)
A similar argument works for local polynomial estimators. O

11



Crucially, the above result lets us compute leave-one-out cross validated errors very quickly
and easily. Since it implies

__Yi—pXy)
1 —w; (X5 X™)
we have for example that

B Ly () - Ly

=1 =1

3.2 Asymptotic normality via stability

Here we adapt an argument from Chen et al. [2022] to show how to obtain the asymptotic
distribution of the leave-one-out cross-validated risk for regression estimators that are suffi-
ciently stable.

Theorem 6. Denote the leave-one-out cross-validated estimated and true risk by

ZE[{ )| on

Assume the same conditions as before:
1. Y] < B and ||ii]|co < B, and
2. there exists a function fi(x) such that ||fi|lcc < B and max; E||i_; — || = o(1)

and in addition the stability condition:

3. max; VE[i—fiZ=o (ﬁ)

Then
where 02 = var{(Y — 1(X))?}.

Proof. Defining f_; = {Y; — 7i_i(X;)}? and f = {Y; — 7i(X;)}2, we have the decomposition

R - (@ = -3 ({v- e} —£ | {vi- o) o))
=1
= IEDn (]/‘il - Pffi)
=Pu{(Fi = ) ~B(Fi = N} + (Pa — )



Now let &; = f_i(Z;) — f(Zi) — i {f_z(z) — f(z)} dP(z), so that the first term above (call it

Ty) equals T} = (P, — P)(f—; — f) = Pyn(e).

We will now show that 77 = op(1/+4/n) by showing that, after scaling by /n, its squared
mean and variance tend to zero, i.e., that {E(T})}? = o(1/n) and var(Ty) = o(1/n).

First note that E(g; | D™;) = 0 so that E(T7) = 0. Now the variance var(77) equals

1 n
B{(Pae)*} = — { DB (}) + > _E(eiey)
i=1 i#j
1
< —maxvar(e;) + max E(e;e;)
noi irj
E {var(e; | D™,
= max {var(ei | D)} + max E(e;e;)
7 n 2

E|f-i — fl?
(2 n [2¥}

where the second and third lines use the fact that E(e; | D";) = 0, and the last that var(e; |
D) =var(fy = £ D) SE{(foi = ) | D™} = [If = f]*. Now recall

P = |{r =} = {r -0} | |

— {x) - O} {Y a0 + ¥ - L0}

so that
17— S = / (Fi— f)? dP < (4B)[j7s — 7l

Therefore the first term above is o(1/n) by consistency of fi_; for fi. For the second term, we
use Chen et al.’s double centering argument. First let

S = P2 - 120~ [ {Fise) - )} ape)

where f,i7j(z) is the estimator trained on all observations except (i,7). Note €, 7 is only a
function of (Z;, D"; j) = D™ ., and has mean zero given D", ., so that

—” —i.j>

E(7¢) =E{E (¢ | D7)} =E{e7E (¢ | D",)} =0

E(q7q) =B{B(a7g"1Dm,) f =B{E (g1 DLy E (47 DLy) } =0

Therefore
Bleies) =E{ (e =) (¢ — ")}

. . 1
< Vel - 7yl - 6 =o )

13



where we used Cauchy-Schwarz and in the last line that

N 2 ,
E {E { (ei — ei_]) | D"iH =K {var (ei —¢ | Dfi)}
= E {var (F-i(2) - J-i5(2) | D™, }
<E|fo = Foill® < (UBYE|: — il
together with the stability condition (3). O

Remark 1. It is natural to ask what kinds of estimators satisfy the stability condition above,
i.e., that

Ellfi - fiill? = o1/n).
First note this is a somewhat weaker stability condition than that from Soloff et al. [2024],
which we explored when discussing bagging. Chen et al. [2022] show that generic bagged es-
timators satisfy the condition if the number of observations per bag satisfies m = o(y/n) and
if the number of bags B is large enough.

4 Technical lemmas

Lemma 2 (Maximal inequality for sub-Gaussians). Let Z;, j = 1,...,d be mean-zero ran-
dom wvariables, possibly dependent, but sub-Gaussian with parameter o, i.e., E{exp(tZ;)} <
exp(t?0?/2) for all t. Then

E <maX|Zj|> < 204/logd.
j

Lemma 3 (Hoeffding’s inequality). Let Z1, ..., Z, be independent random variables, with Z; €
[a, b] with probability one. Then for all t > 0

IP{ >t}§26xp{(b:2t)22/2}.

Lemma 4 (Bernstein’s inequality). Let Z1, ..., Z, be independent random variables, with Z; €
[a,b] and 13", var(Z;) = 0* > 0. Then for all't >0

1 n
- Z(Zi —E(Z))

P >t <2ex —nt?
n = 202 +2t(b—a)/3 )"

- > (Zi—E(Z)

n
=1

Lemma 5 (Berry-Esseen inequality). Let Z1, ..., Z, be iid random variables with var(Z;) = o>

and E(|Z;|®) = p. Then

sup
teR

<

IS(Zi-EZ) _ )| Cp/o’
IP{ N gt} o(1)| < =7

for some C € (0.4,0.5) and ® the cdf of the standard normal distribution.
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