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Punch line

We propose a new framework for sensitivity analysis (SA):
unknown fraction is “contaminated” by unmeasured confounding

I vary “% of unmeasured confounding” as sensitivity parameter

This approach has several advantages:

I % parameter is interesting, simple, & interpretable

I bounds are non-smooth but can be estimated e�ciently even
in presence of complex high-dimensional confounding

I interesting 1-number summary: % needed to overturn result

I can be combined seamlessly with other SA approaches
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Motivation

In causal inference we hope for a setting like

Measured
covariates

Treatment Outcome

Unmeasured
confounders

I but in reality there is often unmeasured confounding
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Unmeasured confounding examples

Nurses’ Health Study & other observational studies in 1990s:

I hormone therapy associated with 30-50% reduction in CHD

Then Women’s Health Initiative RCT found HT actually harmful!

I in obs studies, women receiving HT likely healthier at start

An example I worked on:

I what is infant mortality e↵ect of high-tech vs. low-tech NICU?

I associations make it look like high-tech NICUs are harmful

I really just because all the sicker babies go to high-tech NICUs

Later: RHC
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Unmeasured confounding examples
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Past work on sensitivity analysis

There has been a lot of important work on bounds and sensitivity
analysis over the past decades

Can roughly be divided into a few camps:

I first posits deviations from no unmeasured confounding on
treatment scale, e.g., 1

�
 odds(A=1|X )

odds(A=1|X ,U)
 � (Rosenbaum)

I second on outcome scale (e.g., Robins, Gastwirth):
| (Y a | X ,A = a)� (Y a | X ,A = a0)|  �

I others parametrize both together (VanderWeele & Ding)
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The holy grail

However I find most sensitivity analyses su↵er from at least one of:

I a di�cult-to-interpret sensitivity parameter

I a sensitivity model that is inflexible and only applies to some
methods (e.g., matching)

One of the holy grails of causal inference is finding a sensitivity
analysis that is both:

I easy to interpret

I flexible and robust and not restricted to particular estimators

! This was the main motivation for this work
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A new kind of sensitivity analysis

So: we propose an alternative contamination model approach

I simple idea: an unknown ✏-fraction of sample is confounded

I ✏ = “proportion of unmeasured confounding”

Suppose our target is  = (Y 1 � Y 0) from iid observations

Z = (X ,A,Y ) ⇠

for derived from a distribution of Z ⇤ = (X ,A,Y 1,Y 0), with

= (1� ✏) 1 + ✏ 0

for: 1 = unconfounded distribution with A ?? Y a | X
0 = contaminated/confounded distribution with A 6?? Y a | X
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Equivalent latent variable interpretation

There is a latent “unconfounded” subgroup indicator S for which

A ?? Y a | X , S = 1 , but A 6?? Y a | X , S = 0

and (S = 1) = 1� ✏. Note ✏ = 0 recovers unconfounded setup

(Y 1 � Y 0 | X ) = µ1(X )� µ0(X )

for µA(X ) = (Y | X ,A), and ✏ = 1 recovers worst-case bounds.

Now we can treat the proportion of unmeasured confounding ✏ as a
single interpretable sensitivity parameter, and in theory:

I derive bounds for  = (Y 1 � Y 0) across range ✏ > 0
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Source: HTF - ESL
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Illustration

“Confounded units” are in the shaded region, each with ✏ = 20%
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Motivating the contamination model

In fact, special cases of our model have been used before:

Ex 1: Di↵erential e↵ects (Rosenbaum 2006)

I for vector trt A = (A1,A2) 2 {0, 1}2, may have A 6?? Y a | X
but A ?? Y a | X , S = 1 for known S = A1 + A2

I e.g., smoking/drugs, seatbelts/helmets, advil/tylenol

Ex 2: Selective ignorability (Jo↵e et al. 2010)

I general known S = g(X ,A) such that A ?? Y a | X , S = 1

I e.g., middle EPO doses, reliable/out-of-hospital Hct measures

Ex 3: Instrumental variables (Richardson & Robins, 2010)

I S = 1 () unit is complier
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Which mixture model?

As might be expected, bounds in the full mixture model have no
closed form & appear computationally intractable

I (at least without severely restricting the regression functions)

I even without covariates: non-convex fractional program

Surprisingly though, progress can be made if S ?? Y | X ,A!

I in fact, can find closed form expressions even in
nonparametric model with arbitrarily complex covariates

There are several ways to think about this assumption:

I holds if S is a (possibly random) function of (X ,A)

I compromise bw classic contamination (S ?? Z ) & corruption

I provides lower bounds on bounds in full mixture model
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Illustration

Su�cient condition: there exists some partition of (X ,A) space
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Identification of bounds

Theorem

Assume A ?? Y a | X , S = 1 for some unknown subgroup indicator
S ?? (A,Y ) | X with (S = 1) = 1� ✏. Then

 `(✏)     u(✏)

where for t 2 {`, u}

 t(✏) =

8
<

:

h
µ1(X )� µ0(X ) + �(Z ) {�(Z )  q✏}

i
� ✏ if t = `

h
µ1(X )� µ0(X ) + �(Z ) {�(Z ) > q1�✏}

i
if t = u

with
�(Z ) = ⇡(X )µ0(X ) + {1� ⇡(X )}

n
1� µ1(X )

o

and q✏ the ✏-quantile of � so that (�  q✏) = ✏.
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Interpretation of bounds

For any known S for which A ?? Y a | X , S = 1 we have

{µ1 � µ0 + �(1� S)}� ✏    {µ1 � µ0 + �(1� S)}

so that bound length is exactly ✏.

I � = ⇡µ0 + (1� ⇡)(1� µ1) = how much to shift adj. e↵ect

I this also shows why finding worst case S of a given size
involves thresholding � at its quantiles

Bound length with unknown S is

 u(✏)�  `(✏) = ✏+ (1� ✏)
n

(� | � > q1�✏)� (� | �  q✏)
o

I so that second term is the “cost” of not knowing S
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Data analysis example
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Data: Right Heart Catheterization (Connors et al., 1996). Estimation: SuperLearner.

For clarity, only a random subset of 1000 units is shown.
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Estimation

Along with a margin condition, we exploit influence functions from
nonparametric e�ciency theory to construct

p
n-consistent and

asymptotically normal estimators

I even when regression functions / propensity scores estimated
nonparametrically via modern regression & ML tools

I all details can be found in paper (on arxiv)
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Estimation

Let ⌘ = (⇡, µ0, µ1) denote the nuisance functions, and let
B 2 {1, ..., k} be a random fold indicator. Our t = u estimator is

b u(✏) = n

n
'(Z ; b⌘�B) + �(Z ; b⌘�B) (b��B > bq1�✏)

o

for uncentered influence functions

'(Z ; ⌘) =
2A� 1

⇡(A | X )

n
Y � µA(X )

o
+ µ1(X )� µ0(X )

�(Z ; ⌘) =
(1� 2A)

n
Y � µA(X )

o

⇡(A | X )/⇡(1� A | X )
+Aµ0(X )+ (1�A){1�µ1(X )}

and b⌘�b an estimator of ⌘ built from folds B 6= b.
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Sample splitting

Randomly split observations (Z1, ...,Zn) into K disjoint groups

I using random variable S drawn independently of data, where
Si 2 {1, ...,K} denotes group number for unit i

Let ⌘̂-k denote nuisance estimator constructed excluding group k ,
i.e., using units {i : Si 6= k}

Then use

 ̂ =
1

K

KX

k=1

k
n'(Z ; ⌘̂-k) = n'(Z ; ⌘̂-S)

where k
n denotes sub-empirical measure over units {i : Si = k}
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Sample splitting schematic
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Margin condition

Our analysis of the bound estimators uses a margin condition:

For some ↵ > 0 and all t we have

(|� � q✏|  t) . t↵.

This requires there not be too many scores near q✏
I Note ↵ = 0 is no assumption & ↵ = 1 means density is bdd

I often used in std classification (Audibert & Tsybakov 2007)

I and optimal trt regime problems (Luedtke 2013, 2016)
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Inference

Theorem

Let E ✓ [0, 1]. Assume the margin condition and:

1. kb⇡ � ⇡k
⇣
maxa kbµa � µak

⌘
= o (n�1/2).

2.
⇣
kb� � �k1 + sup✏2E |bq✏ � q✏|

⌘1+↵
= o (n�1/2).

Then for t 2 {`, u}

p
n
n
b t(✏)�  t(✏)

o

b�t(✏)
 (✏)

in `1(E), for a mean-zero Gaussian process with covariance
�(✏1, ✏2) and uniformly consistent estimator b� of � = �(✏, ✏).

! uniform CIs easily computed via multiplier bootstrap
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Summarizing sensitivity

What extent of unmeasured confounding could “explain away” the
observed relationship between treatment and outcome?

I for us: what proportion of unmeasured confounding could flip
the sign of our estimated e↵ect?

I i.e., the smallest value ✏ = ✏0 at which bounds include zero

This can be formalized as the solution to a moment condition

 `(✏0) u(✏0) = 0

A natural Z-estimator b✏0 is the solution to b `(b✏0) b u(b✏0) = 0

I then earlier master theorem (plus some smoothness of � cdf)
gives conditions for

p
n-consistency and valid CIs
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Simulations

Simulation model:

Used super learner / stacking for estimating nuisance functions

I finds best (cross-validated) weighted combination of learners

I we used GAMs, RFs, splines, SVMs, GLM
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Simulation results
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RHC application

Used methods to study right heart catheterization (RHC)

RHC (or PAC) is a test to assess:

I how much heart pumps, and blood pressure in heart/lungs
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Illustration

We used famous dataset from Connors et al. (1996):

I n = 5735 patients at ICUs across 5 hospitals in 1990s

I A = RHC

I Y = 1-month survival

Here measured covariates X include

I demographics, comorbidities, diagnostics, labs
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Connors et al. (1996)
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Connors et al. (1996)
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Lin et al. (1998)
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Our approach

Our method isn’t limited to a single U (could be many)

I no need for particular Us, or relation to treatment/outcome

I flexible/nonparametric: allows arbitrarily complex (X ,U)

Only need to reason abt % confounding. Here S could be latent:

I S = 1: docs recommend A based on X s

I S = 0: docs recommend A based on other extraneous factors
(e.g., know something extra about underlying health)

Used K = 5-fold cross-fitting with super learner
(GAM/RF/splines/SVM/GLM) to estimate

I bounds  t(✏) for t 2 {`, u}
I maximum % confounding ✏0 needed to overturn result
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Data analysis example
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Data analysis example

Choose � (� = 1 is worst case) such that

(1� �)µa(X )  (Y a | A = 1� a,X )  � + (1� �)µa(X )
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Summary

Typical SAs: presume everyone can be confounded & vary extent

Our framework posits that an unknown fraction is “contaminated”
by unmeasured confounding

I vary “% of unmeasured confounding” as sensitivity parameter

This approach has several advantages:

I % parameter is interesting, simple, & interpretable

I bounds are non-smooth but can be estimated e�ciently even
in presence of complex high-dimensional confounding

I interesting 1-number summary: % needed to flip result

I can be combined seamlessly with other SA approaches

33 / 35



Setup & Motivation
Estimation & Inference

Illustration & Discussion

Discussion points

It is straightforward to extend to risk ratios rather than RDs

I also to additionally incorporate bounds on maximal bias
| (Y a | X ,A = a)� (Y a | X ,A = a0)|  �

Some caveats & future work:

I like other SAs, interpretation of ✏ depends on measured X s

I when does reduced contamination model hold in practice?

I any hope for full mixture model?

I how to extend to more complex treatments & data structures?
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The paper is under review & on arxiv:
https://arxiv.org/pdf/1912.02793.pdf

Feel free to email with any questions or
if you want to collaborate in applying these methods!

mbonvini@stat.cmu.edu

edward@stat.cmu.edu

Thank you!
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