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Punch line

We propose a new framework for sensitivity analysis (SA):
unknown fraction is “contaminated” by unmeasured confounding

» vary “% of unmeasured confounding” as sensitivity parameter

This approach has several advantages:
» % parameter is interesting, simple, & interpretable

» bounds are non-smooth but can be estimated efficiently even
in presence of complex high-dimensional confounding

» interesting 1-number summary: % needed to overturn result

» can be combined seamlessly with other SA approaches
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Motivation

In causal inference we hope for a setting like

Measured
covariates

RN

Unmeasured
confounders

S/

» but in reality there is often unmeasured confounding
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Unmeasured confounding examples

Nurses’ Health Study & other observational studies in 1990s:
» hormone therapy associated with 30-50% reduction in CHD

Then Women's Health Initiative RCT found HT actually harmful!

P in obs studies, women receiving HT likely healthier at start

An example | worked on:
» what is infant mortality effect of high-tech vs. low-tech NICU?
P associations make it look like high-tech NICUs are harmful

» really just because all the sicker babies go to high-tech NICUs

Later: RHC
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Setup & Motivation

Estimation & Inference
lllustration & Discussion

Unmeasured confounding examples
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Past work on sensitivity analysis

There has been a lot of important work on bounds and sensitivity
analysis over the past decades

Can roughly be divided into a few camps:

» first posits deviations from no unmeasured confounding on

treatment scale, e.g., % < % < T (Rosenbaum)

» second on outcome scale (e.g., Robins, Gastwirth):
IE(Y?| X,A=a)—E(Y?| X,A=4)<¢

» others parametrize both together (VanderWeele & Ding)

5/35



Setup & Motivation

The holy grail

However | find most sensitivity analyses suffer from at least one of:

» a difficult-to-interpret sensitivity parameter

» a sensitivity model that is inflexible and only applies to some
methods (e.g., matching)

One of the holy grails of causal inference is finding a sensitivity
analysis that is both:

P easy to interpret

> flexible and robust and not restricted to particular estimators

— This was the main motivation for this work
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Setup & Motivation

A new kind of sensitivity analysis

So: we propose an alternative contamination model approach
» simple idea: an unknown e-fraction of sample is confounded

» ¢ = “proportion of unmeasured confounding”

Suppose our target is 1) = E(Y! — Y?) from iid observations
Z=(X,AY)~P
for IP derived from a distribution Q of Z* = (X, A, Y1, Y?), with

Q=(1-6Q1+eQo

for: @1 = unconfounded distribution with A 1. Y2 | X
Qo = contaminated/confounded distribution with AJL Y@ | X
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Setup & Motivation
Estimation & Inference
lllustration & Discussion
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Setup & Motivation

Equivalent latent variable interpretation

There is a latent “unconfounded” subgroup indicator S for which
ALY X,S=1, but ALY | X,S5=0
and P(S =1) =1 —e¢. Note € = 0 recovers unconfounded setup
E(YT = Y° [ X) = pa(X) — po(X)
for ua(X) =E(Y | X,A), and € = 1 recovers worst-case bounds.

Now we can treat the proportion of unmeasured confounding € as a
single interpretable sensitivity parameter, and in theory:

» derive bounds for ¢ = E(Y! — Y?) across range ¢ > 0
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Setup & Motivation
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Source: HTF - ESL

Dae
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[llustration

“Confounded units” are in the shaded region, each with ¢ = 20%

Covariate 2

Setup & Motivation
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Setup & Motivation

Motivating the contamination model

In fact, special cases of our model have been used before:

Ex 1: Differential effects (Rosenbaum 2006)

> for vector trt A= (A1, Az) € {0,1}2, may have AL Y2 | X
but A 1L Y2 | X,S =1 for known S = A; + Ay

> e.g., smoking/drugs, seatbelts/helmets, advil /tylenol

Ex 2: Selective ignorability (Joffe et al. 2010)
» general known S = g(X,A) such that ALl Y?|X,S5=1
» e.g., middle EPO doses, reliable/out-of-hospital Hct measures

Ex 3: Instrumental variables (Richardson & Robins, 2010)
> S =1 <= unit is complier
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Estimation & Inference

Which mixture model?

As might be expected, bounds in the full mixture model have no
closed form & appear computationally intractable

> (at least without severely restricting the regression functions)

P> even without covariates: non-convex fractional program

Surprisingly though, progress can be made if S 1L Y | X, Al

P in fact, can find closed form expressions even in
nonparametric model with arbitrarily complex covariates

There are several ways to think about this assumption:
» holds if S is a (possibly random) function of (X, A)
» compromise bw classic contamination (S 1L Z) & corruption

» provides lower bounds on bounds in full mixture model
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[llustration

Sufficient condition: there exists some partition of (X, A) space

Covariate 2

Estimation & Inference
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Estimation & Inference

|dentification of bounds

Theorem

Assume A 1L Y2 | X, S =1 for some unknown subgroup indicator
SULU(AY)| XwithP(S=1)=1—¢. Then

be(e) < ¥ < tu(e)

where for t € {{, u}

B E
Ye(e) = B

with

m(X) = o(X) + U UNZ) < a}] —e  ift=1
m(X) = mo(X) +W2D1(2) > -] ift=u

A2Z) = 7 (X)o(X) +{1 = s H1 - jua(X) }

and g, the e-quantile of y so that P(y < qg.) = e.
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Estimation & Inference

Interpretation of bounds
For any known S for which A IL Y2 | X,S =1 we have

E{pm —po+v(1 -9} —e <y <E{p1 —po+~(1 - 95)}

so that bound length is exactly e.
» ~v=muo+ (1 —7)(1 — p1) = how much to shift adj. effect

» this also shows why finding worst case S of a given size
involves thresholding ~ at its quantiles

Bound length with unknown S is

bul) = tule) = e+ (1= ){E(y [ 7> @1-0) = B(v | 7 < a.)}

» so that second term is the “cost” of not knowing S
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Setup & Motivation
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Data analysis example
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Data: Right Heart Catheterization (Connors et al., 1996). Estimation: SuperlLearner.
For clarity, only a random subset of 1000 units is shown.
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Estimation & Inference

Estimation

Along with a margin condition, we exploit influence functions from
nonparametric efficiency theory to construct /n-consistent and
asymptotically normal estimators

> even when regression functions / propensity scores estimated
nonparametrically via modern regression & ML tools

» all details can be found in paper (on arxiv)
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Estimation & Inference

Estimation

Let n = (m, po, 1) denote the nuisance functions, and let
B € {1,...,k} be a random fold indicator. Our t = u estimator is

bul€) = Po{ 9(Z:71-8) + (Z:-8)1(7-5 > G }

for uncentered influence functions
2A—1
Zin)=— 1Y — X X) — X
PAZin) = Z g LY~ #a0O |+ (X) = e(X)
(1= 28){Y — pa(x) }
m(A| X)/m(1—A| X)
and 7_p an estimator of n built from folds B # b.

o(Z:n) =

+Auo(X) + (1= A1 — m(X)}
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Estimation & Inference
Sample splitting
Randomly split observations (Z1, ..., Z,) into K disjoint groups
» using random variable S drawn independently of data, where

Si € {1,...,K} denotes group number for unit i

Let 7)., denote nuisance estimator constructed excluding group k,
i.e., using units {i : S5; # k}

Then use
Z]P (Z;11k) = Prp(Z;15)

where P denotes sub-empirical measure over units {i : S; = k}
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Setup & Motivation
Estimation & Inference
lllustration & Discussion

Sample splitting schematic
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Estimation & Inference

Margin condition

Our analysis of the bound estimators uses a margin condition:

For some o > 0 and all t we have

P(ly — gl < t) St

This requires there not be too many scores near g
» Note o = 0 is no assumption & a = 1 means density is bdd
» often used in std classification (Audibert & Tsybakov 2007)

» and optimal trt regime problems (Luedtke 2013, 2016)

21/35



Estimation & Inference

Inference

Theorem

Let £ C [0,1]. Assume the margin condition and:
L7 = 7| ((maxs [ — pall) = op(nY/2).
~ - 1+o B
2. (’\’Y—’Y\’oo‘i‘supeeg\qE—qe\) = op(n~1/?).
Then for t € {¢, u}
VA {di(e) - ve(e)}
at(e)

in {>°(&), for G a mean-zero Gaussian process with covariance
o(e1,€2) and uniformly consistent estimator ¢ of o = o(e, €).

~ G(e)

— uniform Cls easily computed via multiplier_bootstrap
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Estimation & Inference
Summarizing sensitivity

What extent of unmeasured confounding could “explain away” the
observed relationship between treatment and outcome?

» for us: what proportion of unmeasured confounding could flip
the sign of our estimated effect?

» i.e., the smallest value ¢ = ¢g at which bounds include zero

This can be formalized as the solution to a moment condition

Ye(€0)Vu(e0) =0

A natural Z-estimator € is the solution to 1//1\5(/6\0)12)\,_,(/6\0) =0

» then earlier master theorem (plus some smoothness of v cdf)
gives conditions for \/n-consistency and valid Cls
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lllustration & Discussion

Simulations

Simulation model:

X, ~ TruncNorm(p = 0,0 = 1,1b = —2,ub = 2) for ¢ € {1,2}, U ~ Bern(0.5),
S | X1,X2 ~ ]_D)EEI‘II<{q>()(1)]'7

A| X1, X5, U, 8 ~ Bern[0.5{®(X,) + 0.55 + (1 — S)U}],

Y| X1, Xo,U, S, A ~ Bern{0.25 + 0.5®(X; + X;) + (a — 0.5)r — 0.1U},
Y =AY'+ (1 - A)Y?,

Used super learner / stacking for estimating nuisance functions

» finds best (cross-validated) weighted combination of learners
» we used GAMs, RFs, splines, SVMs, GLM
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lllustration & Discussion

Simulation results

n Bias (%) v/nxRMSE Coverage (%)

WD ul) o [0 Iul) o |0l
500 076 036 3.70 | 0.97 0.96 0.83 92.8 94.0
1000 | 0.76 0.09 235|097 094 0.74 91.8 93.8
5000 | 0.12 0.13 0.25| 099 0.99 0.18 91.6 95.8
10000 | 0.09 0.10 0.11| 095 097 0.11 93.6 95.0

Table 1: Simulation results across 500 simulations.
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Setup & Motivation
Estimation & Inference
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RHC application

Used methods to study right heart catheterization (RHC)

Pulmonary catheter

insertion
sites

Right
ventricle

RHC (or PAC) is a test to assess:

» how much heart pumps, and blood pressure in heart/lungs
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lllustration & Discussion

[llustration

We used famous dataset from Connors et al. (1996):

» n = 5735 patients at ICUs across 5 hospitals in 1990s
» A= RHC

» Y = 1-month survival

Here measured covariates X include

» demographics, comorbidities, diagnostics, labs
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lllustration & Discussion

Connors et al. (1996)

The Effectiveness of Right Heart
Catheterization in the Initial Care

of Critically Il Patients

Alfred F. Connors, Jr, MD; Theodore Speroff, PhD; Neal V. Dawson, MD; Charles Thomas; Frank E. Harrell, Jr, PhD;
Douglas Wagner, PhD; Norman Desbiens, MD; Lee Goldman, MD, MPH; Albert W. Wu, MD; Robert M. Califf, MD;
William J. Fulkerson, Jr, MD; Humberto Vidaillet, MD; Steven Broste, MS; Paul Bellamy, MD; Joanne Lynn, MD;

William A. Knaus, MD; for the SUPPORT Investigators

Objective.—To examine the association between the use of right heart
catheterization (RHC) during the first 24 hours of care in the intensive care unit (ICU)
and subsequent survival, length of stay, intensity of care, and cost of care.

Design.—Prospective cohort study.

Setting.—Five US teaching hospitals between 1989 and 1994.

Subjects.—A total of 5735 critically ill adult patients receiving care in an ICU for
1 of 9 prespecified disease categories.

Main Outcome Measures.—Survival time, cost of care, intensity of care, and
length of stay in the ICU and hospital, determined from the clinical record and from
the National Death Index. A propensity score for RHC was constructed using mul-
tivariable logistic regression. Case-matching and multivariable regression model-
ing techniques were used to estimate the association of RHC with specific
outcomes after adjusting for treatment selection using the propensity score. Sen-
sitivity analysis was used to estimate the potential effect of an unidentified or miss-
ing covariate on the results.

MANY CARDIOLOGISTS and critical
care physicians believe that the direct
measurement of cardiac function pro-
vided by right heart catheterization
(RHC) (also known as pulmonary ar-
tery catheterization) is necessary to
guide therapy for certain critically ill
patients’ and that such management
leads to better patient outcomes.! While
the benefit of RHC has not been dem-
onstrated in arandomized controlled trial
(RCT), the popularity of this procedure

For editorial comment see p 916.

and tha widacnmand halinfthat it ic han
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lllustration & Discussion

Connors et al. (1996)

RESULTS: By case-matching analysis, patients with RHC had an increased 30-day mortality (odds ratio, 1.24;
95% confidence interval, 1.03-1.49). The mean cost (25th, 50th, 75th percentiles) per hospital stay was $49 300
(817 000, $30 500, $56 600) with RHC and $35 700 ($11 300, $20 600, $39 200) without RHC. Mean length of
stay in the ICU was 14.8 (5, 9, 17) days with RHC and 13.0 (4, 7, 14) days without RHC. These findings were all
confirmed by multivariable modeling techniques. Subgroup analysis did not reveal any patient group or site for
which RHC was associated with improved outcomes. Patients with higher baseline probability of surviving 2
months had the highest relative risk of death following RHC. Sensitivity analysis suggested that a missing
covariate would have to increase the risk of death 6-fold and the risk of RHC 6-fold for a true beneficial effect of
RHC to be misrepresented as harmful.

CONCLUSION: In this observational study of critically ill patients, after adjustment for treatment selection bias,
RHC was associated with increased mortality and increased utilization of resources. The cause of this apparent
lack of benefit is unclear. The results of this analysis should be confirmed in other observational studies. These
findings justify reconsideration of a randomized controlled trial of RHC and may guide patient selection for such a
study.
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Setup & Motivation
Estimation & Inference
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Lin et al. (1998)

Table 2
The point estimates and 95% confidence intervals for the relative
hazard of death associated with RHC use with adjustment for an
unmeasured binary confounder having relative hazard of death of 3

Po
Py 0.0 0.1 0.2 0.3 0.4 0.5
0.0 1.21
(1.09,1.25)
0.1 1.01 1.21
(0.91,1.04)  (1.09,1.25)
0.2 0.86 1.04 1.21
(0.78,0.89)  (0.93,1.07)  (1.09,1.25)
0.3 0.76 0.91 1.06 1.21
(0.68,0.78)  (0.82,0.94)  (0.95,1.09)  (1.09,1.25)
0.4 0.67 0.81 0.94 1.08 1.21
(0.61,0.69)  (0.73,0.83)  (0.85,0.97)  (0.97,1.11)  (1.09,1.25)
0.5 0.60 0.73 0.85 0.97 1.09 1.21
(0.55,0.62)  (0.65,0.75)  (0.76,0.88)  (0.87,1.00)  (0.98,1.12)  (1.09,1.25)
0.6 0.55 0.66 0.77 0.88 0.99 110
(0.50,0.57)  (0.59,0.68)  (0.69,0.80)  (0.79,0.91)  (0.89,1.02)  (0.99,1.14)
0.7 0.50 0.60 0.71 0.81 0.91 1.01
(0.45,0.52)  (0.55,0.62)  (0.64,0.73) (0. 73 0 83)  (0.82,0.94)  (0.91,1.04)
0.8 0.47 0.56 0.65 0.84 0.93
(0.42,048)  (0.50,0.58)  (0.59,0.67) (0. 67 0 77)  (0.75,0.87)  (0.84,0.96)
0.9 0.43 0.52 0.60 0.69 0.78 0.86
(0.39,0.45)  (0.47,0.54)  (0.55,0.62)  (0.62,0.71)  (0.70,0.80)  (0.78,0.89)
1.0 0.40 0.48 0.56 0.65 0.73 0.81

(0.36,0.42)  (0.44,0.50)  (0.51,0.58)  (0.58,0.67)  (0.65,0.75)  (0.73,0.83)

Note: P] and Py are the prevalences of the unmeasured confounder among the RHC users and nonusers,
respectively.
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lllustration & Discussion

Our approach

Our method isn't limited to a single U (could be many)
» no need for particular Us, or relation to treatment/outcome

> flexible/nonparametric: allows arbitrarily complex (X, U)

Only need to reason abt % confounding. Here S could be latent:
> S =1: docs recommend A based on Xs

» S = 0: docs recommend A based on other extraneous factors
(e.g., know something extra about underlying health)

Used K = 5-fold cross-fitting with super learner
(GAM/RF /splines/SVM/GLM) to estimate

» bounds v(€) for t € {¢, u}
» maximum % confounding ey needed to overturn result
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lllustration & Discussion

Data analysis example

Difference in survival (%)
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Data analysis example

Choose § (§ =1 is worst case) such that

(1—0)ua(X) SE(Y? |A=1—2,X) <6+ (1—8)ua(X)

20

Difference in survival (%)

-
-

811 18 25 38
% of Confounded Units

710 15 25 32 50
% of Confounded Units
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lllustration & Discussion

Summary

Typical SAs: presume everyone can be confounded & vary extent

Our framework posits that an unknown fraction is “contaminated”
by unmeasured confounding

» vary “% of unmeasured confounding” as sensitivity parameter

This approach has several advantages:
» % parameter is interesting, simple, & interpretable

» bounds are non-smooth but can be estimated efficiently even
in presence of complex high-dimensional confounding

» interesting 1-number summary: % needed to flip result

» can be combined seamlessly with other SA approaches
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lllustration & Discussion

Discussion points

It is straightforward to extend to risk ratios rather than RDs

P also to additionally incorporate bounds on maximal bias
IE(Y? | X,A=a)—E(Y? | X,A=23)<§

Some caveats & future work:
> like other SAs, interpretation of € depends on measured Xs
» when does reduced contamination model hold in practice?
» any hope for full mixture model?

» how to extend to more complex treatments & data structures?
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The paper is under review & on arxiv:
https://arxiv.org/pdf/1912.02793.pdf

Feel free to email with any questions or
if you want to collaborate in applying these methods!

edward@stat.cmu.edu

Thank you!

mbonvini@stat.cmu.edu 35/35
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